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PREFACE. 



In this contribution to the series of Cambridge School 
and College Text Books now in course of publication by 
Messrs Deighton, Bell and Co. I have tried as far as pos- 
sible to keep in view the objects stated in their Prospectus. 
I have thought it right therefore to explain in considerable 
detail such points as appeared to me likely to present 
difficulties to younger students, or to those who are reading 
without the assistance of a private Tutor ; and I have more- 
over added a very copious collection, of examples of various 
degrees of difficulty, of several; of which I have given 
the working. The great majority of these examples have 
been selected from the Examination Papers of the several 
Colleges and of the University of Cambridge, but some 
few have been taken from Dr August Wipgand's Sam/m- 
lung trigonometrischer Aufgdben, The results have been 
given in all cases where it was necessary, and considerable 
care has been taken to secure their accuracy. I shall 
however be thankful for corrections which any one may be 
kind enough to send me. 



VI FBEFACE. 

I must not omit to express my thanks to the friends 
who have given me assistance and advice from time to time 
dming the progress of the work, and in particular to Mr 
Walton, of Trinity College^ for his Tory kind interest and 
supervision. 

T. P. H. 



Tbinitt Colleob, Cahbbidgb, 
May i6, 1862. 
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CHAPTEE I. 

DEFINITIONS. UNITS AND MEASUREMENT OP 
ANGULAR MAGNITUDES. 



1. rilHE object of that branch of mathematical science, 
X which is called Trigonometry, is the investigation 
of an geometrical properties and relations in which angolar 
magnitade is concerned. In the earlier stages of its pro- 
gress it was, as its name implies*, applied exdnsiTely to 
the measurement of triangles^ and to the establishment of 
propositions connected immediately with thenu Its me- 
thods, howeyer, haye now reoeiyed an extension and a 
generalily which render it a most yalnable analytical in- 
atroment in the higher departments of mathematacs. Of 
all the elementary branches of mathematical science it is 
perhaps the one of which the practical utility is most dis- 
tinctly apparent. The student will, for instance, without 
difficolly foresee how indispensable such methods of calcu- 
lation are to the soryeyor, the nayigator, and the astronomer. 

2. Extension qf the definition of an angle. 

Euclid defines a plane rectilineal angle to be the incli- 
naticm of two straight Mnes to one another, which meet 
together but are not in the same straight Mne. He does 
not in hia definition take into account the direction in 
wlndi this indination is supposed to be estimated, and, 
moreoyer, necessarily limits the signification of the word to 
angular magnitudes whidi are less than two right angles. 

In Trigonometry, howeyer, we regard an angle as capa- 
ble of being of any magnitude whatever, and consequently 

* rplyuvQ^, a iriangle, and furpdw, I measure. 
H.T. B 







2 Definitions. 

must have proper regard to the direction in which we 
estimate the inclination or opening between the two straight 
lines which contain the angle ; i. e. to the direction in which 
one of the straight lines must be supposed to revolye from 
coincidence with the other in order to pass over the angu- 
lar space in question. 

For instance, the straight ^ — , 

lines AB, AC^ according to f \ 

Euclid, would only bound one I 
right angle, but in accordance ^- 
with the more extended de- 
finition of an angle, they may 
also be considered as con- 
taining an angle whose mag- 
nitude is three right angles, 
the line AB in this case 

being supposed to reyolve from right to left in order to 
move into coincidence with AC. 

A trigonometrical angle then must be regarded not merely 
as the opening between two straight lines, but as the angu- 
lar space swept over by a revolving line, which starts from 
coincidence with one of the bounding lines of the angle 
and moves into coincidence with the other. Moreover, in 
order to eflEect this, the revolving line may be supposed to 
have made any number of complete revolutions, so that 
under this supposition we can have angular space of any 
magnitude whatever. 

For instance, the minute hand of a watch at a quarter 
past four o'clock will since twelve o'clock have revolved 
through an angle the magnitude of which is 1 7 right angles. 

3. Angular units. 

In order to measure angles some particular angle must 
be chosen as a standard or unit. This selection is of course 
quite arbitrary, and is influenced only by considerations of 
convenience. 

4. Degrees^ minutes, seconds. Sexagesinud division 
of the right angle. 

The ninetieth part of a right angle is called a degree^ 
^he sixtieth part of a degree a minute^ and the sixtieth 
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part of a minute a second. The magnitude of any angle 
is evidently determined when we know how many degrees, 
minutes, and seconds it contains. The symbols employed 
to indicate degrees, minutes, and seconds respectively are 
**, ', '\ Thus, 57 degrees, 15 minutes and 10 seconds are 
written, 57** 15' id'. 

5. Grades, minutes, seconds. Centesimal division qf 
the right angle. 

The hundredth part of a right angle is called a grade, 
the hundredth part of a grade a minute, and the hundredth 
part of a minute a second. The symbol expressing grades 
is ', and the minutes and seconds in this system of mea- 
surement (generally called the centesimal or French system) 
are generally indicated by ', '\ respectively, the strokes 
being turned in a direction opposite to that which they 
have when standing for the minutes and seconds of the 
sexagesimal division. Thus 38 grades, 17 minutes and 11 
seconds would be written 38* 1/ ii'\ The advantage of 
this method of dividing the right angle is that any angle 
so expressed can at once be written down in grades and 
decimal parts of a grade, and vice versd. Thus 38' 17' 1 1'" 
is 38'i7ii grades and i5»'0235 is 15* 2' 35''. The sexa- 
gesimal method, however, is that which is now almost 
universally employed. 

6. Having given an angle expressed in degrees to 
express it in grades and vice versd. 

Let D be the number (not necessarily an integer) of 
degrees in the given angle and G the number of grades in 
the same angle. 

Then, since a right angle\ontains 90 degrees and 100 
grades, we have 

D : G :: go : 100; 

or 96r=io2>; 

10^ ^ I 



• • 



G=—D=I>+-D. 
9 9 



Hence to reduce degrees to grades we must add one- 
ninth of the number of degrees. 

B2 



Also 



Definitions* 
D^^ G=G--G', 

lO lO 



and therefore to reduce grades to degrees we must sub- 
tract one-tenth of the number of grades. 

It will be found most oonvenient m performing these 
operations to use decimals. 

Yide Examples. 

7. Circular mecuure. 

A third system of measurement is called the circular 
measure. This is very important, and the student is re- 
commended to pay particular attention to' the following 
articles. 



8. The circumference of a circle varies directly/ a» 
its radius. 

Let ABO, dbc be 
any two concentric 
circles. Describe in 
each of them regular 
polygons A BCD. . . 
abed... having the 
same number of 
sides. Then clearly, 
by similar triangles, 

ABOA 

ab ~ Oa' 

and therefore since 

the polygons are equilateral,^ 

perimeter of polygon ABCD... _ OA 
perimeter of polygon abed.., "~ Oa ' 

and this proportion is true whatever be the number of the 
sides of the polygons. But the more the number of the 
sides of the polygons is increased, the more nearly will 
their perimeters approach to those of the circles in which 
they are inscribed. Hence, supposing the number of the 
•des to be indefinitely increased, the difference between 
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the perimeter£( of the polygons and those of the circles 
will be indefinitely diminished and the polygonal perimeters 
will merge into the circular ones, and therefore, the above 
proportion still holding, we have 

circumference of circle ABOD... _ rsLdma OA 
circumference of circle abed, . . ~" radius Oa ' 

N.B. The fixed ratio which the circumference of a cir- 
cle bears to its diameter is usually denoted by the Greek 
letter tt. It is in reality a non-terminating decimal of 
which the first six figures are 3*14159. 

9. The proportion which we have just proved will be 
true, not only of the whole circumferences, but also of any 
two corresponding portions of the circumferences respec- 
tively ; that is, of any two arcs in the two circles which 
subtend the same angle at the centre. 

From this we conclude at once that if the arc of a cir- 
cle bears a certain fixed ratio to the radius, the angle which 
it subtends at the centre will be a fixed angle whatever be 
the magnitude of the circle. 

We are now able to define the angle which is taken as 
the unit in estimating angles by the circular measure. 

The angle employed as a unit is that angle at the centre 
of a circle which is subtended by an arc equal to the radius, 
and which, as we have just explained, must be an invariable 
angle for all circles. 

The circular measure then of an angle is the ratio 
which its magnitude bears to the magnitude of this in- 
variable angle. 

Thus, for instance, when we say that the circular mean 
sure of an angle is 3, we mean to express that the angle 
is three times as large as the unit of circular measure ; or 
if we express it by symbols and call, for example, the cir- 
cular measure v or 6, we must recollect that tt and 6 stand 
for numerical quantities, which are the ratios which the 
magnitudes of the angles represented respectively bear to 
the magnitude of that angle which is taken as the unit of 
circular measure. 



6 
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10. To find the number qf deffreee in the unit qf 
eireuiar meamre. 

Let AOBhe the unit 
of circular measure ; con- 
sequentlj the arc AB\a 
equal to the radius OA, 

Let a: = number of de- 
grees in A OB, 

r= radius OA, 

Then, since in a circle 
angles at the centre are 
as their subtending arcs^ 
ive shall have 




O! 



arc AB 



i8o arc subtending 2 right angles* 

But the arc subtending two right angles is the semi- 
circumference ; i. e. ?rr (since «■ is the ratio of the whole 
circumference to the diameter) and arc ^^=:r; 



Of 

l8o 



a?= 



180 



180 



TT 



= 57*29577 approximately. 



3'i4i59 

Hence, in the unit of circular measure there are 
57*29577 degrees nearly. 

11. The circidar measure 0/ any angle is the ratio 
its subtending arc 

radius 
Let AOC be any angle. 

Then we have ^«^^^^ ^ fircAO ^ arc AC 

angle AOB arc AB radius 

Now the ratio — , .^p is the circular measure of the 

angle AOB 

angle AOC, since the angle AOB is the unit of circular 

measure. Hence the proposition. 
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12. Angle expressed in arc. 

If the radius of the circle bo taken for the unit of 
length, the number expressing the length of the subtend- 
ing arc and that representing the circular measure of tho 
angle are the same, so that the arc may itself be taken as 
the measure of the angle, which is then said to be ex- 
pressed in arc. 

The circular measure of two right angles is manifestly 
iTj since it is the ratio of the arc which subtends two right 
angles to the radius. 



CHAPTER II. 

USE OF THE SIGNS + AND — . DEFINITIONS OF 
THE TRIGONOMETRICAL FUNCTIONS AND RELA- 
TIONS CONNECTING THEM. TRIGONOMETRICAL 
FUNCTIONS OF CERTAIN FIXED ANGLES. 



1. Use of the signs + and — to indicate contrariety 
of direction. Algebraical representation of straight lines 
and angles. 

Let O be a fixed point in a straight line X'OX, and let 
OA contain a units of length, and let AB contain^ h units, 

— _i 1 , _ 

X^' O B A i^ 

AB being first supposed less than OA, Then OB will 
contain a—h units of length. If we suppose any assigned 
point ^ to be reached by a point starting from and tra- 
velling along the line OX, B will be determined by the 
point travelling back from A over h units of length. Sup- 
pose now that AB is greater 

than OA, B will in this case ^» g J \ ~^ ^ 

fall on the left of O and 
the magnitude of OB will be 6— a. 

The necessity however of making any distinction be- 
tween the cases in which h is less or greater than a, can be 
obviated if we agree to represent a distance measured to 
the left of by a symbol with a negative sign prefixed. 
For, in accordaiice with this convention, h—a being the 
magnitude of the distance OB, the position of the point 
B will be indicated by —(6— a); i,e, a— 6, as in the case 
in which h is less than a. 

It is this generality of algebraical representation, this 
power of including all the possible cases of a theorem 
under one algebraical formula, which constitutes the princi- 
pal utility of algebraical analysis as applied to geometry. 
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It will be readily seen that this same method of sym- 
bolical representation may be applied to angles, with refer- 
ence to the direction in which a revolving line must move 
from its initial position in order that it may come into 
coincidence with any assigned position. 

Thus, if OX be taken for the initial line, if the angle 
XOK be represented algebraicaliy by +a, the angle 
XOK\ which is drawn equal in magnitude to XOK, will 
be represented by —a. 




For the revolving lino, in order to pass over the angle 
XOK', must revolve in a direction opposite to that in which 
it moves in passing over the angle XOK. 

2. Position of a point in space and qf the revolving 
line. 

Let X'OX^ YO Y' be two straight lines at right angles 
to each other. 




10 Use of the signs + and — • 

The position of any point in space can be determined 
with reference to O by means of the above methods of 
representing the position and magnitude of straight lines. 
Suppose we agree to aflSx the positive sign to the symbols 
which represent the lengths of lines measured from O in 
the directions OX, T; then if we know the proper sym- 
bols representing the distances of any point from X'OX 
and Y'OY respectively, the position of the point is de- 
termined. 

Thus +a) , ,. 

^ J ^ mdicate a point Pi in the quarter XOF, 



+ 6) 

■¥a\ 



P% X'OF, 

Pj X'OY\ 

P4 XOY\ 



N.B. It is customary to represent lines measured on 
XX' by symbols, to which the positive sign is prefixed, 
when they are measured from O towards the right, and 
consequently lines measured to the left of by symbols 
affected with the negative sign. Also the direction OY 
above XX' is that which is generally taken to correspond 
to symbols which have the positive sign in representing 
lines measured on YY'. 

Similarly, symbols representing angles when affected 
with the sign + are generally supposed to represent angles 
traced by a revolving line, which moves from coincidence 
with the initial line in a direction contrary to that of the 
hands of a watch. 

Such arrangements are of course perfectly arbitrary. 
It is manifestly a slovenly and inaccurate form of expres- 
sion to talk of positive or negative lines, positive or nega- 
tive directions qf revolution. A line or a direction cannot 
be positive or negative, inasmuch as they are ideas which 
are strictly geometrical, and plainly quite distinct from the 
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conceptions of algebraical representation with which they 
are associated. 

To obyiate this objection, therefore, I propose to call 
the directions OX, Y the primary , and 0X\ O Y' the 
secondary directions of measurement. Similarly, I shall 
call the direction of revolution opposite to that of the 
hands of a watch the primary, and the opposite one the 
secondary direction of revolution. 

The angle XOK I shall call a primary angle, and the 
angle XOK' a secondary angle. 

3. Definitions qf the Trigonotnetrical Ratios. 

Let OX be the initial line from coincidence with which 
a line OP revolves in sweeping over any angle. Let OP be 




N X xrw 




(0 




V, 



o ; 



(2) 



(3) 
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any position of the revolying line which will correq>ond to 
an angle whose symbol will be positive or negative aooord- 
ing to the direction in which OP is supposed to move from 
coincidence with OX, 

Let any point P be taken in OP and from it let a per- 
pendicular be' dropped upon the initial line (produced 
backwards, as 0X\ if necessary). Take proper idgebraical 
symbols to represent the sides of the right-angled triangle 
PON so formed, and call the angle through which OP 
has revolved A, 

The ratio of the algebraical representative of 

PN to that of OP* is called the sine of Ay 

ON OP cosine oi A, 

PN ON tangent oi A. 

The reciprocals of the sine, cosine and tangent are 
called the cosecant^ secant and cotangent of A respectively. 

It is evident that the sine and cosine can neither of 
them exceed unity in magnitude, since the perpendicular 
and base are neither of them ever greater than the hypo- 
tenuse of a right-angled triangle. 

Hence the cosecant and secant can never be less than 
unity. 

The defect of the cosine from unity is called the versed 
sine. The versed sine of ^ is generally written versin A, 
Twice the sine of the half of ^ is called the chord of A, for 
a reason which wiU be hereafter explamed, and is written 
chd A, 

The definitions of the trigonometrical ratios (or func- 
tions as they are also called) which are ordinarily given are 
something as follows : 

^ If fr^m a point in one of the straight lines containing 
an angle a perpendicular be let fall upon the other side, or 
the otiier side produced, the ratio of the perpendicular to 
the hypotenuse is called the sine of the angle." 

* The symbol representing a line measured from along OP 
is taken with a positive sign. If the sign were negative, then, 
in accordance with the rules of algebraical representation, the line 
indicated would be one measured from along OP produced 
backwards, i. e. in the direction P0» 
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This, however, is not sa£Bcientlf general properiy to 
include the trigonometrical ratios of angles greater than 
a i%ht angle, and therefore some such definition as that 
given above, which introduces the idea of algebraical re- 
presentation, is necessary. 

4. The trigonometrical /undiorif are the utma to Umg 
eu the angle i» ths tame. 




Let ¥0^ be any angle. Take any points P, I", &c., 
in O F, and draw perpendiculars PN, P'N' to OX. 

Then, since by similar triangles, 

PN :0N : OP = PN' : ON' : OP', 
therefore the trigonometrical functions are the same so 
long as the angle is the same. If f!A be a perpendicular 
to OP, then we have also by similar triangles 

PN : ON : OP=KR : OR : OK, 
which shews that it is indifTerent upon which of the sides 
containing the angle the perpendicnlar is drawn (except so 
far as uniformity in the consideration of the signs of the 
algebraical symbols representing the sides is concerucil;, 

fi. It is very important to observe, that there is tri 
every case an infinite number of angles correspond! tii; Ui 
any one position of tbe revotving line which difiW by iiiiilti- 
ples of four right angles, inasmuch as any number of cnm- 
plete revolutions in either direction will evidently not aSect 
the position of this lina 

Now as for any one position of the revolvii^ Ibe, cac' 
of the trigonometrical fonctions has only one value, i' 
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CTident that there is a certain group of angles, infinite in 

number, which have the same trigonometrical functions. 

Furthermore, for more 

than one position of the 

revolYiDg line any one 

of the trigonometrical 

functions may be the 

same, as, for instance, 

the tangent is the same 

for the two positions 

OP, OP' of the re- 

Yolving line, since the 

PN PN' 

ratios y™ and yrj^f are of the same magnitude, and their 

algebraical representatiyes are of the same sign. 

We shall afterwards investigate what are the groups of 
angles which correspond to an assigned value of each of 
the trigonometrical functions. 

We now proceed to prove some fundamental relations 
among the trigonometrical functions. 

6. The defect of any angle from a right angle is called 
its complement 

The defect of any angle from two right angles is called 
its supplement. 

Thus the complement of an angle A expressed in degrees 

IT irA 

is goP—A, or, expressed in circular measure, ^. 

The supplement similarly of ^ is i^op—A. 

7. Having given the trigonometrical ratios of an 
angle to find those qf its complement and supplement. 

Let PON be any 
angle A, of which the 
trigonometrical ratios 
are known. 

Then OPN is evi- 
dently its complement. 
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Now, 

ON 
sin OPN=jrp= COS PON, i.e. sin (900-^)= cos -4, 

ON 
tan OPN=^=cot PON ... tan (900-^)=cot A, 

OP 
sec OPiV=^r— ;=cosecPOiV... sec (90®— ^)=cosec -4 ; 

so that the sine, tangent and secant of an angle are re- 
spectively the cosine, cotangent and cosecant of its com- 
plement. 

Again, draw OP' making the same angle with ON^ 
which OP does with ON. Then the angle P'ON is the 
supplement of PON or is 1800—^. 

Take OP' equal to OP and draw P'iV' perpendicular to 
OiV', so that OiV' and P'iV' will be respectively equal to 
ON and PN. Let p be the number of linear imits in PN, 
b the number in ON and r the number in OP. 

Then, sm P'OiV= ^ = sin POiV, 

cos P'ON= — = - cos POiV, 
?• 

tan P'ON^ if = -tanPOJV, 
—0 

cosec P'OiV= - = cosec POiV. 

P 

sec P'ON^ Z^ = " »®^ ^^-^» 
cot P'OiV= — = - cot POiV^; 

or we may write these results as follows : ..^ 

sin(i8o«— ^)» sin^, 
cos (1800—^)= —cos -4, 
tan (180°-^)= -tan A, 
cosec {iSoP—A)=cosecA, 
sec (i 8cP— ^) == — sec -4, 
cot (i8oP--4)= -cot^. 



16 Elementary fomrnUe. 

These relations have been proved only in the case in 
which A is less than a right angle. It will be a usefol 
exercise for the student to establish their tmth for any 
other position of OP. 

8. The following simple formulae are of constant oc^ 
currence: 

PN 
^ . PN OP sin^ 



/. cot -4 = 



OP 

I cos^ 



tan^ sin^' 

Also PN'-\-ON'=OP', 

and, dividing both sides of the equation by OP', 

PN^ ON' 
OP' ■*" OP' " ^ ' 

/. sin' -4+ cos' -4= I. 

This formula is the trigonometrical mode of expressing 
the 47th proposition of Euclid i. 

Dividing by cos'^ we have 



8in'^ 


I 


cos'^ 


cos'^' 


or tan' A-t-i- 


=sec'-4. 


Similarly, by dividing by 


fan' A we get 


cot' -4+ 1 


=cosec*-4. 



9. Having given one trigonometrical /imction of an 
angle, to eaepress aU the others in terms qf it 

This may in aU cases be effected by means of the for- 
mulae we have just established. 

I. Suppose sin ^ to be given and to be equal to s, it 
is required to find all the other trigonometrical ratios of A. 



Elementary formuUe. 17 

Since cobM = i— 8mM=si — «'; 

.-. cos-4 = ±/^(i-«')> 

sin^ sin ^ s 



V •-<,■»•■■■* 



tan^ = 

cot -4 = 

8ec^ = 

cosec^ = 



tan^ « ' 

cos -4" ^(i-*»)' 

I I 
sin ^ B* 



Wherever the doable sign occurs before the radicals in 
these results, it arises from the fact that there is more than 
one angle which corresponds to a given sine, and therefore 
since tibe sine of the angle, and not the angle itself is given, 
we do not know of wMch of the angles corresponding to 
the same sine we are to take the cosine, tangent, cotangent, 
and secant respectively ; and since those angles for which 
the sine is the same have not all their other trigonometrical 
functions the same, we have ambiguities in the results, as 
ought to be the case. This point however will be more fully 
explained hereafter. 

II. Given cos^^sc, to find the other trigonometrical 
functions, 

sinM = i— cosM = i— c' ; 

.*. sin-4=sfci^(i-c'), 

tmA=^^'^ = ± x/(i-cosM) ^^ N/(i-g') 
cos -4 cos -4 c ' 

cot -4=^ 7=sb 



sec^ss 



I _ I 
cos-4 ""c' 



. I 
cosec-4=-; — T = 



sin^ ^/(I-c")' 

H. T. 



18 Elementary jbrmuloB. 

III. Given tan^=>^. 



8inM= 



tanM 



oosecM i-f-cot'-4 I 



i + tan'^ 



a ^ » 



tanM 



.\gin^=A .. > , and oosec^ = ^-^^^^-T — -, 

jw/ll "rf ) • 



C08*-4« 



secM i+tan"^ i4-<»' 



/.co8-4=±-j^^5p-p^, 8ec^==b^/(I + 0, 



cot -4 = 



tan^l ^ 



Similar remarks apply with reference to the double 
signs in these results as were made at the end of Case I. 

The cosecant, secant, and cotangent being respectively 
the reciprocals of the sine, cosine and tangent, the cases in 
which any one of them is given to determine the other tri- 
gonometrical functions from, are too simple to require special 
proof. 

10. To find the trigo- j^ 

nometrical functions of 

Let ABG be an equi- 
lateral triangle, each angle 
of which therefore is 60°. 
From A draw AD perpen- 
dicular to BC. Then the 
angle BAD is 30°; 

.•.sin3oP=g = ^=I; ,'BG=AB, 

,,Q.-^-P_ J{AB^-BD') ^ J(AB'-iAD^) _ J3 
^ AB" AB AB 2~' 

the positive signs being taken with the radical because we 
know that the cosine of 30^' must be positive. 




Functiom of yf^ 60°, 45**. 19 

I 

,.tan3oo = «^^ = 4-=-L, 

cos 300 jl ^y 



86030°= 



2 
I 2 



cos 300 ^3* 



I 

cosec 300= =2, 

** sin 300 * 

cot 300= 7 = ^3- 

-^ tan 300 '^'^^ 

sin 6(y>=sin (900-300)^008300=-^^, 

COS 600= COS (900-300) = sin 300= i , 

tan6oo=tan(9oo-3oo)=cot3oo= ^3, 
and similarly^ sec 600 = 2, 

cosec6oP=-7-, 

cot 6oo=— r-, 

''11. 2b Jlnd the trigonometrical 
/unctions qf^S^. 

Let ACB be on isosceles right-, 
angled triangle, the right angle being 

at a 

Then each of the angles A and b 
B is 45** ; 

. ^_AC _ AG _ ^O _. ^ 

■• ^^^ "AB" ^{BG^-^-AC^)^ ^/(2^C0" n/2' 

The cosine of 450 is evidently equal to the sine because 
BC=AG\ 

02 




20 



Functions of$6\ 
I 



.'. C08 4S*>= 



N/2^ 



The remaining trigonometrical fonctionfl are of oourse 
at once determined. 

12. Tojind the trigonometrical fuftetions qf s6p and 

In Euclid iv. lo, it is shewn 
that if a point C be taken in a 
straight line AB, so that the 
rectangle AB, BC is equal to the 
square on AG, and if an isosceles 
triangle be described with base 
BD equal to AC and with each of 
its equal sides AB, AD equal to 
AB, then the angle ABD or 
ADB is double the angle BAD, 
and also CD is equal to AC 

The angle BAD therefore being the fifth part of two 
right angles contains 36^. 

From C draw CE at right angles to AD, and therefore 
bisecting AD since CD^CA. 

-- ^^ AE J AB 

Thencos36o=3^ = -^,, 

and AB,BC=AC*y 
or AB{AB--AC)^AC^ ; 

dividing by ^C^, 3^-3^ = '; 

and .*. -j^ — — — — (by solving the quadratic) ; 

.-. cos 360= -^^S±i 
4 
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the pQsitiye sign being taken, since we know that cos 36P 
must be positiye. 



Hence, 
ffln36o=^(i-cos»36^)=y(i-^^J^)= s/(^ 



5->/S 



8 



) 



and the other trigonometrical ratios of 36^' can be deter- 
mined from these. 

Again, drawing a perpendicnlar AF to BD from A^ we 
haye the angle BAF equal to iS^' ; 



/. sin i8<>i 



BFiBDiAG^ I 
BA" 2 AB'^ 2 AB" ,^5 + 1 

_ n/5-i 



which is the form in which this result is generally giyen. 

From this yalue for the sine, let the student find the 
yalues of the other trigonometrical ratios of i8<>. 

13. The circular mmsure cf an angle is greater than 
the sine and less than the tangent qfthe angle. 




22 6 between sin and tan 0. 

Let PAP' be an arc of a drde the centre of which 
is O. 

Bisect the angle POP by the line OA. 

Draw the perpendicolar PNP and the tangent TAT*. 

Then manifestly the carved line PAP is greater than 
PP and less than TAT-, 

:. AP is greater than PiVand less than AT^ 

.-. ^1 is greater than g^and leBS than ^. 

AP 
But -jrp is the circular measure of the angle AOP^ 

(Ch. L 11). 

PN. ,, . 

-^pisthesme < 

jr-^ ^ ^® tangent 



Hence calling the circular measure of the angle AOP 0^ 
we have proved that is greater than sin and less than 
tana 

14. Limit qf —x- and qf — ^ when it ind^miteiy 
diminished. 

We have proved in the last article that sin^, 0y and 

tan are in ascending order of magnitude; therefore, di- 

6 I 

viding each of them by sintf, i, -; — -z. and j, are in 

^ ^ ' ' sm ^ cos ^ 

ascending order of magnitude. Now when is made 
equal to zero, — g^^^l^^ i« 

But -r— 7, whatever he the value of 0, is always inter- 
sm6 

mediate in value to i and — s . These limits however are 

cos^ 



T- -^ j,8m0 J tan 6 ^^ 

Limits of ^ ami — 3- . 16 

both equal to unity when 6=0. Henoe necessarily we con- 
clude that also 

= 1, when 6=0; 



sin 



and /. of course — n^=i, when 6=0. 

a. tan^ sin^ i 
Since — 7^ = — ;;— X 



Q e COS a' 
also -^ = I, when ^=0. 



J 



CHAPTER m. 

THE CHANGES IN SIGN AND MAGNITUDE OP THE 
TRIGONOMETRICAL FUNCTIONS. ANOTHER MODE 
OP DEFINING THE TRIGONOMETRICAL FUNC- 
TIONS. THE GROUPS OP ANGLES CORRESPOND- 
ING TO AN ASSIGNED VALUE OP EACH OP THE 
TRIGONOMETRICAL FUNCTIONS. 



1. To trace the variaiions in ths gign and magnitude 
of the sine qfan angle, as the angle varies from (fi to 360P. 

Let OP be the reyolying line. 



p 

/ +p 

N 






^ 


P 


] 

< 


S y^ 


\i 


1 

y 

P 


1 



Let the perpendicular PN in any position be repre- 
sented in magnitude by p, the base ON by ft, and the 
radius OP by r. Then, representing the angle correspond- 
ing to any position of OP by Ay we have in the 



The changes in sign and magnitude of the sine. 25 
1st Quadranty 

gm-4=— , and when A-Oy p=o, and therefore 

sin zero =o, 

and as the angle mcreases p increases and h decreases* 
Hence the sine is positive and increases in magnitude 

when A=gcPy p=r, and therefore sin9oP=i. 

2nd Qiiadranty 

sin ^ = — , and is therefore positiye ; 

as A increases p decreases, and therefore sin^ decreases in 
magnitude; 

when u4 = i8o®, p=o, and therefore sin i8o°=o. 
3rd Quadranty 

sin ^ = —y and is therefore negative ; 

T 

as A increases p increases in magnitude^ and therefore 
sin^ increases in magnitude; 

when ^=27o<> (3 right angles), p=r, and therefore 
sin 2700= — =— I. 

T 

4th Qiiadranty 

miiA = — f and is therefore negative ; 

T 

9aA increases p decreases in magnitude, and therefore sin^ 
decreases in magnitude, 

and when ^=360^, p=o, 

and therefore sin 360^=0, 

as ought to be the case^ since OP then occupies its initial 
position OA again. 



26 The chafige$ in ngn and nuigmtudecf the cosine. 

% To trace ihs wiriationi in the tiffn and ma(ymitude 
qf the eotine of an angUy a§ the anfj^ vairieefrom, cP to 
36CP. 

XJnng the nine figare and notation as in the case of 
the fine. 

iBt Quadrant^ 

cos J = — 9 and is therefore pootiye; 

when ^=Oy b=r, and therefore coBzero=i; 

as A increases b decreases in magmtade, and therefore 
cos J decreases; 

when^=9oPy &=o, and therefore cos 90^= a 

2nd Qitadramt, 

cos J = ^^ , and is therefore negatiye; 

as A increases b increases, and therefore cos ^4 increases in 
magnitude, and when-4=i8oP, &=r, and therefore 

cos 1800= --- = -1. 
r 

3rd Qtiadranty 

cos -4 = — • and is therefore negative ; 
r ' 

as A increases b decreases, and therefore cos A decreases in 
magnitude ; 

when -4 = 270^, 5=o, and therefore 003270^=0. 

4th Qtiadranty 

cos-4= — , and is therefore positive; 
r 

as A increases b increases, and therefore cos A increases, and 
when ^=360®, b=r, and therefore 

cos 360^=1. 
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3. To trace the variations in the sign and magnittuie 
qfthe tangent, as the angle varies firom cP to 360^. 

ist Quadrant, 

+ 17 
tan A = -—- , and is therefore podtiTe; 

when A^o, p=o, and h=r\ 
.*. tanzero=o; 

as A increases p increases and b decreases^ and therefore 
tan^ increases ; 

when A=goP, p=r, and 6=0 ; 

/.tan 900= -=00*. 
o 

2nd Qiuuirant, 

tan ^ = --— , and is therefore negatire ; 

as A increases p decreases in magnitude and b increases, 
and therefore tan A decreases in magnitude^ and 

when A = i^oP, p=o, 6=r, 

and .'. tan 1800=0. 

3rd Qiiadranty 

tan ^ = — ^ ='^, and is therefore positire; 

as A increases p increases and b decreases, and therefore 
tan^ increases in magnitude ; 

when ^=2700, p=r, 6=0, 

and ,*. tan 270^=00. 

* Observe that when the angle is less than, but very nearly 
eqnal to ^, the tangent is very huge and positive, and that 
when the angle is very little greater than 90** the tangent is veiy 
large and n^ative. We express this by saying, that the tangent 
changes sign in passing through the value infinity. 



28 Changes in sign <Sk magnitude of the Trig.fiinction, 
4th Qvadrani^ 

tan A = ~~- J and is therefore nogatiye ; 

as A increases p decreases and h increases^ and therefore 
tan^ decreases in magnitude; 

when -4=360®, p=Oy and 6=r; 

and .'. tan 360^=0. 

The cosecant, secant, and cotangent being respectiyely 
the reciprocals of the sine, cosine, and tangent, require no 
special examination. 

The variations of all the trigonometrical functions are 
subjoined in a tabular form : 





900 


90P.....1800 


1800...2700 


270P...3600 


sine 


positive 
1 


positive 
1 


negative 
-I 


negative 
— 1 




cosine ... 


positive 
1 


negative 
-I 


negative 
— 1 


positiye 
1 




tangent.. 


positive 
00 


negative 
00. 


positive 
00 


negative 
00 


cosecant. 


positive 
00 1 


positive 
1 00 


negative 

no — I 


negative 
— 1 00 




secant... 


positive 
1 00 


negative 
00.. ... — I 


negative 
-1 00 


positive 
00 1 


cotangent 


positive 
00 


negative 
00 


positive 

OO....S....O 


negative 
00 











4. Idne-definituyM qfthe TrtgcyruymetricaJ, Funetiont, 

The names sine, cosine, tangent, &c.... were originally 
applied to certain lines connected with the subtending arc 
rather than the angle. 



Line^finitiona. 
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Let AP be the arc of a circle gubtending the angle 
AOP at the centre. Draw OB at right angles to OA* 
Draw TPt the tangent at P, and complete the figure. 

The line PN was formerly called the sine, AK the 
tangent, and OK the secant of the arc AP. Similarly, 



B 


t 




/ 


/ N' 






~z^ 




^ 




\ 





]S 


1 


A T 



according to the same mode of definition, PN'^ BT', OT 
are the sine, tangent, and secant of PB^ which is the 
complement of arc AP. Hence they are the cosine, co- 
tangent, and cosecant of arc AP, Instead of PN*^ OK^ 
0T\ it is usually more convenient to use the equal lines 
ON, OT, Ot. 

ANwsA called the yerBed-ame of arc AP. 

The co-sine, co-tangent, and co-secant, are respectively 
the sine, tangent, and secant of the complement of the 
■arc AP. 
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6. Com in which the Une-definitunu and the ratio- 
definitions qf the TrigonometruxUfufictions are identical. 

Denote the angle AOP by A, 

Then using the ratio-definitions, 

. . PN . ON . , AK .OK 

8in^=^, cos^ = ^,tan^=^, 8ec^=^, 

OT' BT' 

oasi&fiA^fy&QBOP^-Q^y cot A =tasi BOP = -^^^ 

^ ' A A ON AN 

TerBed-sme -4 = I — cos -4 «= I — ^^ = ^o^ . 

Observe that all the trigonometrical functions of A, as 
here expressed, have the radius of the circle as the deno- 
minator of the ratios which represent them. 

If now we take the length of the radius as the nnit of 
length by which we measure each of the lines PN^ ON, 

AK^ &c then the number of units of length in each of 

the lines PN, ON, AK, OK, Or,BTYnXi respectively bo 
the same as the numerical quantities which are the values of 
sin Ay cos A, tan A, sec A, cosec A, cot A, versin A, Hence 
when the radius of the circle is taken equal to unity, the 
trigonometrical functions according to the two definitions 
are numerically identical. AP is called the chord of the 
arc AP, Draw a perpendicular OM to it. This mani- 
festly bisects the angle AOP and the chord AP, 

Hence, chord of AP = 2AM = 2 sin iarc^P •. 

So similarly, ch* ^ =2 sin— . 
•^ 2 

If we denote what we may term the line-sine of A by 
Sin Ay and the other or ratio-sine by sin A, we have mani- 

Sin A 

festly sin^ = — — (r being the radius), and similarly for the 

other functions. Thus a formula expressed in accordance 
with one method of definition can be at once reduced to 
the corresponding formula when the other definition is 
employed. 

• If OM be produced to meet the circle in if' and a perpen- 
dicular M^N" be drawn to OA, M'N' is the sine of half the arc 
AP, and it is plainly equal to AM, 



Angles vnth given sign and cosine. 31 
For example, in the fonnula sec'u4 = i+tan'^, pat 
for sec -4 and — — for tan A. and we get 

Sec'.4 _ Tan'^ 
r» "^"^ r» ' 

or Sec»^«r» + Tan*^, 

the corresponding formula when the line-definitions are 
employed. 

The advantage of the ratio-definitions as compared with 
the line-definitions is manifestly that they are independent 
of the particular value of the radius, and are abstract nu- 
merical quantities depending only on the magnitude of the 
angle. 

6. To construct an angle which shall have its sine or 
cosine equal to a given quantity. 

The given quantity cannot be greater than imity. Let 
it then be - , where b is not greater than a. 

Describe a circle with dia- 
meter AB equal to a units of 
length; with the pomt A as 
centre, describe another circle 
of radius equal to b units of 
length cutting the first circle 
in a 



Then sin 05^ = 



and cos (74^= 




CA 

AB~ 

CA b 
AB a 



Therefore the angle CBA has its sme and th^ angle 
CAB its cosine equal to the given quantity. 

The same construction manifestly serves for an angle 
which shall have its secant or cosecant equal to a given 
quantity. 
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Equisinal angles. 



The oonstractioii of an angle of which the tangent or 
cotangent is equal to a given quantity is so simple as not to 
require insertion. 

7. In pnrsoance of the remarks made in Chap. n. 
Art 6, we now proceed to determine what groups of ang^les 
correspond to an assigned yalue of each of tiie trigono- 
metrical functions. 

To find a general exprenUm for aU the anglety the tinee 
qf which have the eame given value. 

Let AOP be the least 
primary angle which has 
its sine equal to the given 
value, and let a be its cir- 
cular measure. The angle 
AOP' will also have tiie 
same sine, A'OP' being i 
equal to AOP \ for the 
sine of AOP* is evidently 
equal to that of AOP in 
magnitude, and the sign 
of ^e sine is the same in 
the first two quadrants. 

For every angle then corresponding to the positions OP, 
OP' of the revolving line, the sine will be the same and 
have the given value. These angles are evidently (using 
circular measure), 

Primary angles, a, ir—a, and these increased by any 
multiple of 2w, 

Secondary angles, — (tt + o), — (2«— a), and these in- 
creased by any multiple of 27r. 

(The line in revolving from OA to OP' in the second- 
ary direction sweeps over an angle whose magnitude is 
^ + a, and the negative sign must be prefixed to shew the 
direction of revolution.) 

Expressing "any multiple of by m, these are 

2m7r + a, 2Ww + tt — o, — 2mir — (tt + o), — 2mw — (2w — o), 
or, 
2l7l9r + a, (2l»+l)w-a, -(2l»+l)ir-o, -2(w+l)7r + a. 




JEqui'Casinal angles. 
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Now observing that when the + sign precedes a (i-e. in 
the first and last of these expressions) the multiple of w 
which is prefixed is even, and either positive or negative, 
aud when the — sign precedes a, the multiple of n- is odd, 
and either positive or negative ; it is evident that all these 
angles are represented by the general expression 

«7r + (-l)"a, 

where n stands for any integer, either even or odd, positive 
or negative. 

Therefore sin {nw + ( - 1)" a} = sin a. 

8. To find a general expremon for aU angles which 
have the mme given value for their cosine. 

Let AOP be the least pri- 
mary angle which has its cosine 
equal to the given value, and 
let a be its circular measure. 
Take AOP" equal to AOP in 
magnitude. Then since the sign 
of the cosine is the same for 
positions of the revolving line 
in the first and fourth quad- 
rants, the cosine of all angles 
corresponding to the positions OP, OP* of the revolving 
line will^ be the same and equal to t^e given value. These 
angles are evidently 

primary angles, ay ^ir—a, and these increased by any mul- 
tiple of 2ir, 

secondary angles, — a, — {2ir - a) and these increased by any 
multiple of 2ir, 

These are therefore 

2mnr + a, 2m9r+27r-ct, — 2»l^— a, — 2«l7r — (27r— a), 
or 2mw + a, 2(»»+ i)7r— o, — 2»iw— a, — 2(w+ iV4 a, 
all of which are manifestly included in the formula 

2W7r±a, 
so that cos (2ngr st a) = cos a. 

H. T. D 
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9. To find a general expreeeion for aU angfee tohkh 
hateihe eame given value for their tangent. 

Denoting the circular measure 
of PON by a, as before, the two 
I)OBitions of the revolving line for 
vhich the tangent is the same as 
that of a are OP and OP". The 
primary and secondary angles cor- 
responding to these two positions 
are represented by 

a, ir+a, — (w — o), — (2ir— a), 
and these increased by any multiples of 29r, which give 

2mir+o, 2mir+ir + o, — 2mir — (w— a), — 2»lir— (2ir— a), 
or, 2m7r+a, (2m+ l)7r+a, — (2m+ iV+a, — 2(»i+ l)ir+cu 

Observing now that the sign prefixed to a is always 
positive while the mutiple of ir is either even or odd, posi- 
tive or negative, we see that all these angles are induded 
in the one general formula 

where n is any integer, odd or even, positive or negative^ 
so that tan a = tan (n?r+ a). 




10. It follows evidently from these results that 

cosec {nn ■^{—iTa\= cosec o, 

sec (2«ir * a) = sec a, 

cot(«7r+o)=cota. 

The results of the three preceding articles must be 
committed to memory, as they are of continual recurrence. 

It may be observed that it is not necessary in these 
expressions that a should be absolutely the least primary 
angle which has the given value for tiie trigonometrical 
functions. They are equally true if a be any angle which 
has the given value for its sine, cosine, or tangent, as the 
case may be. 



CHAPTER IV, 

TEIGONOMETRICAL FUNCTIONS OP THE SUM AND 
DIFFERENCE OF TWO ANGLES AND OP THE 
MULTIPLES AND SUBMULTIPLES OF ANGLES. 




1. To find 8171 {A + B) in terms qf the sines and 
coiines qf A and B» 

Let the angle 
JBAG be A, and 
CAD,B. Then the 
angle^^2>is^ + ^. 

Take any pomt 
JP in AD. Draw 
jPQ, PM at right 
angles to AC, AB 
respectiyely, and 
from Q draw QR, 
QN at right angles 
to PM, AB respectively. Then the angle jBPQ = the 
angle RQA, for each is the complement of PQB, and 
therefore the angle BPQ is equal to A. 

Now 

, ,. „, PM 
8m(^+5) = -jp 

RM+PR 
" AP 

QN PR 
'~AP^ AP 

d2 
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Functions of A + B and A—B. 



2. Cos {A + B) in terms qf sines and cosines qf A 
and B, 

Employing the same fig. as in Art. 1, we have 

.^ „, AM AN-MN AN QR 
coB(A^B)=j^= ^P =AP-AP 

_AN AQ_QB QT 
AQ'AP QP'j±r 
—Qxy&Aoo&B—wnA sin J?. 

3. Tan {A-^-B)^ in terms of tangents qf A and B. 

^_PM RM+P R QN^PR 

^^^'^'^^^'AM~ AN-MN~ AN-QR' 

Dividing the numerator and denominator of this frac- 
tion by AN. 

QN PR 

AN AN 



' QN'AN 

ON 
Now ^-^ = tan -4, and by similar triangles PQR, QAN, 



PR 

AN 



QR 

QN' 



PQ 
AQ 



=tan-5. 



mu c ± / 4 , -Ds tan-4+tanJ5 
Therefore tan (A+B)= j-^^-^^. 

4. Sin (A-B) and eosiA-B) in terms qf sines and 
cosines qf A and B, 

Let BAG be 
represented by A 
and CAD by B, 

Then 

BAD=A-B. 

Take any point 
P in AD and from 
P draw PQ at ^ 
right angles ix> AC and PJf at right angles to ABy and 
draw QN, PR respectively parallel to PM, AB. 
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Then the angle PQR, being the complement of AQNy 
is equal to BA Cor A. Hence 

^^(A j^_PM_ QN^QR _QN AQ QR QP 
s^\A ^)-AP~ AP ~AQ'AP QP'AP 

=siaAcoBB—coaAaiaBi 
and 

AM AN^ PR AN AQ PR PQ 
cos^^ ^)-^p- j^p -AQ'APPQ'AP 

= cos -4 cos J5 + 8in-4 sin^. 

6. Tan {A — B) in terms qf tan A and tan B. 

^. fA m P^ QN-QR 
^ ' AM AN+PR 

Dividing the numerator and denominator of this frac- 
tion by AN, we get 

QN^QR QN QR 

^ ,. jy. AN AN AN AN 
im{A-B)= ^= ' p^ ^ , 

^'^AN ^"^ QN'AN 
and by similar triangles PQR, QAN, 

QR PR PQ ^ J, . QN . . 
3i^=W=35=*^^' and2^=tan^; 

. , . ^. tan ^— tan ^ 

.-. taiiM-i?)= — --7 -7—1 — 5« 

^ '' i+tan^.tan^ 

6. The expressions for tan (-4 + ^) and tan {A-B) are 
also easily deduced from those for the sines and cosines of 
-4 + -Sand^-^. 

For tan(^..^)= ^^(^"g = ^^^^^-;"^"^^^!^^ , 
^ ' cos{A^B) co&AcosB^sinAsmB' 

(Arts. 1 and 4) 

or, dividing the numerator and denominator of this frac- 
tion by cos A cos B, 



im{A^B)= 



sin ^ sin 5 




cos .4 cos^ 


tan^tttan^ 


sin ^ sin ^ 
cos^* cos^ 


i=f:tan/l tani^' 
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where the tipper signs are to be taken together, and ami- 
larly for the lower signs. 

7. Again, sin (A + B) and cos {A + B) might have been 
deduced from tan {A-{-B), 

*, sinM + J5) , /^.7* tan^ + tan5 

For — }-i — ^=tan(-4+5)= — r ^ri. — 5 

cos(-44--B) ^ ^ i-tan^tan^ 

sin A sin B 
cos A cos B 



sin ^ sin ^ ' 



cos^cos^ 

• s"^(-^ + -^ sin A cobB+cosA sin B 
" oos{A-\-B) cosA cos B—ein A mnB' 

Now the numerators of these fractions must bear to 
each other the same ratio which the denominators have to 
each other. Let this ratio be A. 

Then A.sin (-4 + J5)=sin-4 cosJ5+cos-4 8in5, 
Xcos(^ + ^=cos-4 cos J5— sin -4 sin^. 

Squaring each of these and adding them, 

Aa=sinM cos^^+cos"^ cos»^+cos»^ sin»jB 

+ sin>^ sm^B 
= {coa^B + sin*-5) (sin«-4 + cos«^) = i ; 
.••A=«fci ; 
and .*. sin (-4 + B)= J=(sin A cos jB+cos A sin B), 

But the negatiye sign is not admissible because {A + B\ 
A and B being each less than 90°, their sines and cosines 
are all positive. 

Hence sin(-4 + jB)=sin A cosB-hcosA sin B; 

and cos(^ + J9)=cosu:l cos^— sin^ sin^. 

Similarly, sin(^— ^) and cob(^ — J9) may be deduced 
from tan(-4— -B). 

These formulse have been established only in the 
case in which A + B ib less than - . They are however 
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true for angles of all magnitudes, whether primary or se- 
condary. This we proceed to shew*. 

8. Assuming that 

sin (^ + J5)=sin -4 cos B+ cos A sin jB, 
cos(-4 + jB)=cos^cos-5-sin^ sin B, 

fohen A+B is less than -, to shew that these /ormulcB 
are true for all values qf A and B, 

I. They are true for all Talues of A and B between 
o and -. 

2 



TT , , . ^ TT 



Let A-^B be > - and let A=-^-A\ 

2 2 ' 

Then -4 + JJ=7r-(-4'+50, and therefore A'-^rB must 
be < -. 

2 

Hence the formulse are true for A'+B^. 
But sin(^+J5)=sm{7r-(^'+i?')} 

= sin(^'+^ 

= sin -4' cos -0' + cos -4' sin jy 

=rin (f-^) cos g-5)+cosg-^) dn (I-5) 

=cos^ smjS+sin^ 00s J?; 
and similarly, 

C08(-4 + J5) = COS{7r-(^' + ^}=-COS(^'+^ 

= — cos^'cos-S'+sin^'sin^ 
= — sin-4 sin jB + cos A cos B, 

Hence the formulsB are true for all values of A and B 

between o and ^. 

2 

* The student may, if he chooses, omit Art. 8 on his first read- 
ing of the subject. 
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II. If the formulse are trae for two angles A and B, 
they are true if we add to these angles, one or both, either 

- or any multiple of ~. 



Assume ^'=-+-4, and/. ^=^'--~. 

2 2 



Then 
sin 



in(^'+J5)=8in(^+^ + i?^=C0B(^ + J5) 



=cos^ COS ^— sin A sin B. 
Now replacing A by A~ or - (^-a\ 

8in(.4'+ ^)==cos|- ^j -^A jcos J5- sinl- (~^A|s^^ 

=sin^' cos J5+cos^' sm J5, 
and 

cos(.4'+5)=cos|^+(^ + ^)|= -sin(-4+ J5) 

= — sin^ cos^— cos^ sin^ 

= —sin f -4'— -j cos -5— cos (-4'— -j sin ^ 
= cos A' cos B —an A' sin B. 

Hence the formulse are true for A\ i.e, ^ + - and B, 

' 2 

Similarly we may now shew that they are true also if 

- be added to B, Hence they are true if - , or any multi- 

IT 

pie of - , be added to either or both. 

2 

Now this is the same thing as saying that they are true 
for primary angles of any magnitude whatever ; for having 

shewn that they are true for all angles between o and - , 

TT 

we can, by adding multiples of -, increase them to any re- 
quired magnitude. 
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III. They are also true for all secondary angles. 

Suppose that ^ is a secondary angle and equal to — ^. 
Take n such an integer that 2n7r is >^. 

Then 

= Qm\A + {2n7r-B^\ 
=sin^ cos(2n7r— jBO + cos-4 sin(2»7r— J5') 

because zmr—B! is a primaiy angle, 

=8in^ cos ^— cos ^ sin^ 
=sin-4co8(— ^)+cos-4 sin(— -S^ 

=sin ^ cos ^+ 008 u4 sin ^, 
cos(u4 + -5)=cos(^-^=cos{^ + (2n7r-^} 

= cos A cos (2«7r— -50 — sin -4 sin {2mr—B^ 
=cos-4 cos ^5^+ sin -4 sin-fi' 
=cos-4cos(— jBO— sin-4 8in(— -B^ 
— cos^ cos^— sin^ sin^. 

Next let A and B both be secondary angles, and let ^ = — A\ 

B=-B^. 
Then 

8in(^ + ^)=sin(--4'-^=-8in(-4'+^ 

= — sin -4' cos B'—coa A' onB 

= 8m{-A')cos{-B) 

+ cos(-^0 8in(-^) 

:=smA coaB+cosA sinB, 

cos(-4+^)=cos(--4'-^=cos(^'4--50 

=cos^' COS JS'— sin^'siniy 
=C08(— ^')cos(— -B')— sin(— -40 sin (—-BO 
=co8^ C08.B— sin-4 sin.B. 

Hence the formulae are true for angles of any magni- 
tude whateyer, whether primary or secondary. 

9. Their truth can also be established in any assigned 
case from a geometrical figure, by a process similar to that 

giyen when -4 + .S is < - . 
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Siii^K)fle for instance the lines AC^ AD to fsJl as in the 
figure. 






Take any point P in ^2>, draw PQ perpendicular to 
AC, PM to AB produced^ and draw PR^ QN respectively 
parallel to AB^ PM. 

Then 

the 9Si%\e PQR^--AQN=NAQ^ir^BAC=Tr^A, 

and the angle BAD=ir-{A + B). 
Then sm(-4 + ^=sm{7r-(^ + J5)} 

. ^.^ PM QN-QR 

_QN AQ _QR QP 
AQ'AP QP'AP 

=emNAQ.cosPAQ'-c(MPQR.«mPAQ 
= sin(7r— -4)co8-ff— co8(7r— -4) sin J? 
= sin^ oos^+cos^ sin^. 

Similarly for co8(-4 + J5). 

10. Collecting these formulse, we hare 

sin(-4 + jB)=8in-4 co8J5+cos-4 sinjB 

sin (-4—^)= sin -4 cos jB— cos A sinB 

cos (^ + 5)= cos -4 cos J5— sin A sin J5..... 
cos(-4— J5)=cos-4 cosB-f-sin ^ sin5 



.(1), 

,(3), 
.(4). 
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Then from these equations 
(1) + (2)gives sin(^ +B)-\- 8in{A - J5) = 2 8Ul4 coaff \ 

(l)--(2) 8in(^ + ^)-8m(^-^) = 2C08-4suL5 I 

(3)+(4) co8(^ + J5)+co8(^-^) = 2cos^cos5 r"^ ^ 

(3)-(4)..,...cos(u4+-5)-cos(^-^) = -2sm^8ULsJ 

"Now A + B and ^— ^ are two angles, the magnitudes 
of which are independent of each other, and they may 
therefore be taken to represent any two angles fchatever, 
and A is half their sum and B half their difference. 

Hence we may put these formulae in the following general 
form. 

The sum of the sines of two angles 

= 2 sin (half the sum of the angles) 
X cos (half their difference) 

The difference of the sines of two angles 

= 2 sin (half the difference of the angles) 

X cos (half their sum) 

The sum of the cosines of two angles 

= 2 cos (half the sum of the angles) 
X cos (half their difference) 

The difference of the cosines of two angles 

= — 2 sin (half the sum of the angles) 

X sin (half their sum)^ 

These formulse are extremely important, and the student 
is recommended to familiarize himself with them under the 
form here given. It must be noticed that, in taking the 
difference of the angles in the second and fourth of tliese 
formulsB, the angles must be taken in the same order as the 
sines or the cosines on the left-hand side of the equations. 

11. It is also necessary to be familiar with the conyerse 
of these formulae, so as to express the product of two sines 
or two cosines, or of a sine and a cosine in terms of the sum 
or difference of two sines or two cosines. 

This may be done by the same process as that by which 
formulae (B) were obtained, only that instead of reading the 



...(B). 



...(C). 
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results (A) from left to right, the right-hand side must be 
taken first Hence we get 

The sine of an angle x cos (any other angle) 
= V {sin (sum of the angles) + sin (their diflFerence)} 

The cosine of an angle x sin (any other angle) 
= i {sin (sum of the angles) — sin (their difference)} 

The cosine of an angle x cosine (any other angle) 
= i{cos (sum of the angles) + 00s (their difference)} 

The sine of an angle x sine (any other angle) 
= |{cos (difference of the angles)— cos (their sum)}^ 

The reader will see that the first and second of the 
formuke (C) are in reality the same, the apparent distinction 
arising from the order in which the difference of the angles 
is taken. 

He is recommended before proceeding further to turn 
to 1, 2, 9, of the examples upon this chapter, where he will 
see applications of both sets of formulae. 

12. Trigcmometrical functions of 2A and — . 

Putting A for J9 in formulaa (1) and (3), and in the ex- 
pression for tan {A + B\ we get 

sin 2^ = 2 sin^.cos^ (5), 

cos 2 A = cosa-4 — sin^^ = 1—2 sin^^ = 2 cos»^ — i (6), 

, . 2 tan ^ ,^. 

tan2-4=~— r— — i (7). 

I— tan'^ ^ 

In (6), (6), (7), putting A for 2 A, and therefore — for Ay 
sin ^«2 sin — cos — (8), 

co8-4=cos* sin^— =1 — 2sin*— =2cos= 1 (9), 

22 2 2 ^ " 

2tan — 
tan-4=— — ^ (10). 

I— tan»— 
2 
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3 

From (9), 2 sin^ — = i - cos -4, 
2C0S2— = n-cos-4 ; 

2 ' 



sin — 

2 

COS — 

2 



-y(i=^) (11), 



From these results it appears that, when sin — and 

cos — are determined from cos.^, they have each two 

values. The explanation of this is analogous to that given 
of the double sign on page 17- It is a point however which 
will be more fully discussed hereafter. 

So from (10) we see that, if tan A be given to determine 

tan — , we shall have a quadratic equation which will give 

two values of tan — in terms of tan A. 

2 

13. Sine and cosine of^A and — . 

sin 3-4= sin (2^ + -4)= sin 2-4 cos-4 + cos2-4 sin^. 

Substituting the values of sin 2A and cos 2A from 

(6) and (6), 

sin 3-4 = 2 sin -4 cos=-4 + (i — 2 sin2-4) sin A 

= 2 sin -4 (i — sin2^) + (i *- 2 sinM) sin -4 

=3sin-4— 4sin3^ (13), 

COS3 ^4 = cos (2-4 + .4) = cos 2-4 cos ^ — sin 2^ sin -4 

= (2 cos^^ — i) cos -4 — 2 sin*-4 cos A 

from (6) and (6), 

= 2cos3-4-cos-4-2 cos -4 (i- cos* 4) 

=4COs3^-3COS-4 (14). 
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From these results we get, evidently, 

A A 
sin ^=-3 sin 4 sins— (is), 

oos^=4cos3 —3 cos— (16). 

3 3 

Hence if sin ^ be given to find sin — -, or cos A be 

given to determine cos — , we have in each case a cubic 
equation, and therefore three values. 

14. To find the tine qfiS^. • 

Since 54°=9op-36o; 

.'. cos 540 = sin 360, or cos 3 x iS^^^ssin 2 x 1 8^ 

Hence from (15) and (6), 

4 C0S3 180-3 cos i8«>=2 sin 18° cos 18°. 

Dividing by cos i8<>, which cannot be zero, we get 
4 cos^ 18 - 3 = 2 sin 18% and putting a for sin iS^, 

I— 4:i?»=2a?, 

^ 1 1 
2 4' 

4 
Ifow sin 180 cannot be negative, and therefore 

gin 180= J^llZl, 
4 

16. Given sin A to find sin — and cos — . 

2 2 

2 sin — cos — =Ksin ^, 
2 2 ' 

sm^ — 4- C0S2 =1. 
2 2 

Adding and subtracting we get 

/ . ^ . AY 

(smy + cosyj =i + sm-4, 



A A . 
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2 % '^ 



47 



(• 



sin cos — I = I— sin -4 

2 2/ 

A A 

/. sin — + cos — = db ^(i + sin^) 

2 2 

sin cos — = rfc ^(i — sin^) 

2 2 

sia— = -\d=J{i + mnA)^ J{i-emA)\ 



(17)5 



(18), 



cos — = -{±^/(I + 8in^)T^/(I-8m^)} (19). 

16. From these results we see that both sin — and 

2 

cos — when determined in terms of sin ^ have four values 

2 

according as we take the four combinations of the signs ^ 
before each of the radicals. 

This ambiguity arises from a reason similar to that 
mentioned on page 17. 

It may be readily explained by reference to a figure. 

Let OP, OP" be the two 
positions of the revolving 
line which correspond to 
the given value of the sine 
of A 

Bisecting the primary 
angle A OP by OPj, and the 
primary angle AOP^ by 
OP2, we get two positions 
of the revolving line, for 
which the two sines are dif- 
ferent, and also the two co- 
sines different 

Again, bisecting the secondary angle AOP' and the 
secondary angle AOP, we get OP3, OP^ positions of the 
revolving line for which the sines and cosines are equal in 
magnitude, but opposite in sign to the sines and cosines of 
the angles corresponding to the positions OPz, OPi, re- 
spectively. 
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A A 

Hence we see that sin — and cos — , when determined 

2 2 

generally from sin A^ must have four values, since each of 
them nuiy correspond to any one of the four positions OPx^ 
01*2, OPsf OP 4. of the revolving line, which have their 
sines and cosines all different. 

17. If we know however the limits between which A 
lies sufficiently to determine in which of certain quadrants 

the revolving line correspondmg to — falls, there is no 

A 
longer any ambiguity in determining the value of sin — and 

cos — . This we shall proceed to shew. 

2 

A A 

18. To trace the change in the sign qfsin — + cos 

2 2 

A A A 

and qf sin cos —as-- varies from op to 360°, that i*, 

2 22 

as A varies from zero to 7200. 

Observe that it is only necessary to take notice of the 

A A 

sign of the greater of the two functions sin — and cos — , 

2 2 

for the sign of the greater one will clearly determine the 
sign of the whole expression. 

Now from -45° to +45° the cosine is greater than the 
sine and is positive. 

Hence from -45° to +45° 

sin — 4- cos — is positive, 

and sin cos — is negative ; 

2 2 

,'. sin — + cos — = ^/(i + sin ^), 
2 2 

sin cos — = — ,^(1 — sin ^). 

2 2 
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2, Q, '^ 

From 45° to 135^' the sine is greater than the cosine, 
and is positive; 

/. sin — + cos — is positive, 

A A 

and sin cos — is positive ; 

2 2 

.*. sm — + cos — = a/Ci + sin A\ 

sin cos — = pj{i —sin A), 

2 2 

From 1350 to 225^' the cosine is greater nmnericallj 
than the sine, and is negative ; 

.*. sin — + cos — is negative, 
2 2 

A A 

and sin cos — is positive ; 

A A 

.\ sin — + cos — = — fj{i + sin A), 

sin cos — = a/Ci — sin -4). 

From 22 5^^ to 315^^ the sine is nmnerically greater 
than the cosine, and is negative ; 

.*. sin — + cos — is negative, 

A A 

and sin cos — is negative ; 

.*. sin — + COS— = - tj{\ + sin A)^ 

sin COS— = — sjii ^sin A^. 

Therefore for values of — from 

2 

A \ 

-45° to 450, sin — = -{ V(i +sin^)- ^(i-sin^)}, 

2 2 

H. T. E 
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C0B- = -{V(i4-8m^)+V(i-8m^)}, 

2 2 

4Sotoi3r, sin — = ^{s/(i + Bin^)4- V(i-8in^)}, 

2 2 

coe- = -{N/(i + fflm^)-V(i-Mn^)}. 

2 2 

1350 to 2250, sin — = ^{-/^/(i+8m^)4- V(i-8m^)}, 

2 2 

coB- = i{- VCi + sin^)- V(i-8in^)}, 

2 2 

J I 
2250 to 315^, Bin — = -{- V(i + 8m^)-s/(i-8in^)}, 

2 2 

-4 I 
(jQg_-_|-. ^(i + 8in-4)+ V(i-sin^)}. 

2 2 

Example. Given sin 30°=-, find sin 15°. 

2 

sin 5^4- COB 5^ = s/(i +8in3o°)= ^(1 + , 
in ^-cos?^ = - V(i -Bin 300)= - ^^i - ; 

iro- n/3zJL 

2008150= -5^^, 

Bin 150= ^-^z , 

^ 2^/2 ' 

These might of course be found as follows : 
sin 1 50 = sin (45°— 30») = sin 45® cos 300— cos 45° sin 30°, 
coBi5o=cos(45°-3oo)=co8450cos30°+ sin 45° sin 30^, 
and the sines and cosines of 45^ and yf^ are known. 



sm 

.*. 2 sin 



CHAPTEE V. 

DETERMINATION, A PRIORI, OF THE NUMBER OF 
VALUES WHICH Al^Y ASSIGNED TRIGONOMETRI- 
CAL FUNCTION MAY HAVE WHEN DETERMINED 
FROM ANY OTHER FUNCTION OF THE ANGLE, 
OR OF A MULTIPLE OR SUBMULTIPLE OF THE 
ANGLE. 



THESE articles are giyen to illustrate the employment 
of the general formulae given in Chap. m. Arts. 7, 8, 9, 
for equisinal, equicosinal angles, &c. 

1. To determine, h, priori, fiow many values sin A wiU 
have when determined from, cos A, which is supposed to 
he known. 

If a be the circular measure of the least primary angle 
which has its cosine equal to cos A, any of the angles in- 
cluded in the formula 2mr^a will have its cosine equal to 
cos A, Hence, in finding the yalue of sin A from cos A, we 
do not know which individual of this group we must take ; 
for although the cosines of them all are the same, it does not 
follow that the sines are so. Hence all the values of sin A 
which can be got by taking all the angles whose cosine 
is cos A are included in the formula 

sin(2/i7r±a), 

which is equal to sin(si=a) or dbsma; 

so that sin A, when determined &om cos^, has two values 
equal in magnitude but of opposite signs. This corresponds 
to and explains Chap. n. Art 7 (n). 

2. Let tan A he given, to determine sin A, 

Since all the angles which have a given tangent are in- 
cluded in the formula mr-ha, where a is the least positive 

£2 
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a a "^ 

angle whose tangent is tan A^ all the yalues which ain^ 
can have when determined from tan^ will be included in 
8in(nir + a), which is equal to i^sin a, according as n is 
even or odd. 

Hence sin A^ when determined from tan Ay has two 
yalues. Compare Cht^ n. 7 (in). 

A 

3. Given cos Ay to find how many values sin— and 

COS — wiU hate when expressed in terms qfit. 

Let a be the circular measure of the least primary angle 
whose cosine is cos^. Then all the angles, the cosines of 
which are equal to cos ^, are included in the expression 
2n'!r^a, 

A A 

Hence all the values which sin— and cos— can have 

2 2 

when expressed in terms of cos A, will be included respec- 

.. , . . 2W7r=fca , 2W7r±a . . / . a\ 
tively m sm and cos , or m sm ( wir «*= - J 

and cos ( 97ir ife - V which are equal to iA: sin - and ±cos - , 
for if n is even, they are equal to ^^ sin - and to cos - re- 

z ^ 

spectively; 

and if n is odd, they are equal to ^sin- and to— cos- 

z z 

respectively. 

This corresponds to and explains the results (11) and (12) 
in Chap. rv. 

4. Given sin Ay to determine^ k priori, 7u>w many 

A A 

values sin — and cos — will have when expressed in 

z z 

terms qf it 

Let a be the circular measure of the least primary 
angle, the sine of which is equal to sin A. Then all the 
angles whose sines are equal to sin ^ are included in the 
general formula 

»7r+(-l)"a. 
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A A 

Hence all the values which sin — and cos — can have 

2 2 

when expressed in terms of sin ^ will be included in 

. /w7r+(-i)"a\ , n7r+(-i)**a .. , 

am ( ^ — — j and cos ^^ — — respectively. 

Now n is either even or odd, i,6, it is of one of the forms 
2A or 2X+ I. 



. n7r+(— i)'*a . A . a\ . • a 
sm ^ — — =sm(A7r+-j = 8fc8m-, 



Taking n = 2\ we have 

-^— = sm ( A7r+ -j 

according as A. is even or odd, 

J n7r+(— l)**a /x . a\ . ^ 

and cos ^^ — ^— = cos ( att + - i = =fccos - , 

2 \ 2/ 2' 

according as A. is even or odd. 



Taking »= 2\+ 1, we have 



+ (-i)**a . A . ^-ci\ ' f'^ ^ ^ * 

-^-^=sm(^X7r+-^J==tsm(^--^j=*cos-, 

'-=cos^\7r+ ^- j= ±cos^- - -j= ism -, 



sm 

and 

cos 

2 

according as X is even or odd. 



A A 

Hence sin — - and cos — , when expressed in terms of 

sin Ay will each have four values, which corresponds to 
Arts. 15 and 16 of Chap. ly. 



5. Criven cos A, to determine^ k priori, how many 
values COS — toiU have when expressed in terms of it. 

Let a be, afl before, the circular measure of the least 
primary angle whose cosine is equal to cos ^. Then all 
the angles whose cosines are equal to cos ^ will be included 
in the expression 2mr^(Lj and consequently all the different 
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yalnes wfakh em— caa hare wbea expressed in terms of 

co0^ win be indaded in 

2mrifea 

008 . 

3 

Now n mast be of one of the fonns 3X, 3X-«- 1, 3X •«- 2, 
since eyeiy number is either exactly divisible by 3, or divi- 
sible by 3 with a remainder, which will be either i or 2. 

Taking n=^\, we have 
27zirifea 



cos 



3 
Taking « =3X4-1, 



= cosf 2Xirifc- ) = cos ( ifc - 1 = cos - . 
\ 3/ \ 3/ 3 



2mr^a f ^ 27r±a\ 2ir^a 

cos = cos 1 2Air+ — r— I = cos 



— =:C0S( 2Air+ j = 

Taking »=3X+ 2, 

2n7r±a / ^ . 47r84=a\ 
COS = COS ( 2Air+ -^^ ) 

3 \ 3 / 



==COS^^^ 

3 

(27rTa\ 
2ir J 

27r^a 
= COS . 

3 

Hence cos — , when determined from cos A, has three 
3 

, . a 27r+a , 27r— a 
values, vtt. cos - , cos and cos . 

^ 3' 3 3 

6. In Chap. iv. article 13, we proved that 

C08^=4COS3 3C0S— . 

3 3 

HeDce if COS ^ be given and be eqoal to e suppose, 
wo have a cubic equation 

A A 

4 C083 — - 3 COS— =C (1) 
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A . 
to solve, in order to find the value of cos -— in terms of c. 

We see, from the last article, without endeavouring to 

a 27r+ a 

solve the equation, that these values are cos - , cos — - — 

and cos ^^""° ^, where a. is the least primary angle, the 

cosine of which is equal to c. 

The general form of a cubic equation whose roots are 
a, ^, y, is 

{x-a){x-^P){x-y)=o, 

and the coefficient of as' in this is — (a+)8+y). Hence, 
if in a cubic equation there is no term involving ^, we 
must have the sum of the roots equal to zero. 

Now, since there is no term involving cos^ — in (1), we 

see that 

a 27r+a 27r— a 

cos - + cos ■ + cos = o. 

3 3 3 

That this is true is evident otherwise ; for (Art. 10, Gh. 
nr.) 

27r+tt 27r— a 27r a 

COS + cos = 2 COS — COS - , 

3 3 3 3 

and cos — = cos I20«»= — ; 

3 2' 

a . 27r+a 27r— a a a 

.'. cos - + cos 1- cos = cos — cos - =0. 

3 3 3 3 3 

7. CHven sin A, to determine ?iow many wUues sin mA 
and cosmA wiU have when expressed in terms qf it, m 
being an integer. 

Let a represent the circular measure of the least pri- 
mary angle, the sine of which is equal to sin ^. 

Then all the angles whose sines are equal to sin ^ are 
included in the formula n7r+ (— i^a ; and therefore all the 
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valaes viiidi m.mA and coBfn^ can have vfam deter- 
mined fixm sin^ ivill be indaded in 

sinm{nir+(— i)*a} and co%fn\'nrr+{—ifa\ re^edayely. 

ist Let ft be eren. 

These are equal to sin ma and cos ma re^ectivelyy 
whether m be evoi or odd. 

2nd. Let n be odd. 

Then, if nt be even, 
sin mjnir +(— i)"a} = sin (mnir — ma) = sm (— ma) =— sin wto, 

cosm^iiT + (— i)"a} = COB ipimr— ma) = C08( —ma) = cos ma ; 

and if m be odd, since then mn is odd, 

sin m\n'r + (— i)*a\ = sin (mnir— ma) = sm(ir— ma) = sm mo, 

C08m{nir+(— i)"aJ=C08(mn7r— ma)=cos(7r— ma) 

= — cosma; 

smm^ and cosm^ therefore can each only have two 
values, viz. dbsin ma and ^t cos ma. 

If m were not an int^for we shonld have to proceed 
somewhat differently. 

We subjoin an example in a particular casa 

8. Given nnA, to determine, k priori, how many 
values sin ^A ftiU have when expressed in terms qfit. 

Let a represent the drcnlar measure of the least pri- 
mary angle, the sine of which is equal to sin ^. Then all 
the angles whose sines are equal to sin ^ are included in 
the expression 

«ir+(— i)"a, 

and therefore all the values which sin ^A can have when 
expressed in terms of sin^ are included in 

sinJ{n7r+(— i)"aj. 
Now n is of one of the forms 4A, 4A.+ 1, 4A+ 2, 4X+ 3. 



sin 
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4 

If n=4A, 

sin f {»7r+(-i)"a} = 8in(3\7r+Ja)= isin Ja, 
according as X is even or odd. 

If n=4A+i, 

sini{«ir+(-i)"a} = sin{3Xir+f(7r-a)}=sfcsmJ(7r-a), 

according as \ is even or odd. 

If w=4A+2, 

mi\nir-^{--iTa\=wi(3\7r+^ + ^\ 

= =fc sin ( — + — \ according as Xis even 
\ 2 4 / or odd, 

30. 

= TCOS— . 

4 
If w=4A+3, 

sini{w7r + (-i)"a} = sin(3X7r+ ?^i^^l2^^ 

= dbsin ^'"^°' according as A. is even 
4 * or odd. 

= «fcsin f 27r+ ^~^°' j 

= sfcsm ^—, 

4 

Therefore sin J^, when determined in terms of sin A, 
has eight values, which are represented by 

afcsinja, afcsinf (TT-a), stcosfo, ± sin ^~^°^ , 

4 
all of which are different. 

The examples already given will be found sufficient to 
indicate the method to be pursued in any analogous ques- 
tions which can be proposed. 



CHAPTER VI. 

INVERSE TEIGONOMETEICAL FUNCTIONS. 



1. npHB symbols sin-^a, co8~*5, tan~^c, &c^ are used 
JL to denote respectively an angle the sine of which 
is a, an angle of which the cosine is b, and an angle the tan- 
gent of which is c. 

We can write therefore, if sin ^= a, cos ^ = 5, tan ^ = c, 
^=8in"'a, ^=cos"'6, i/r=tan~^c. 

These latter equations are true, but we must recollect 
that the expressions sin~'a, cos~^&, tan~*c, do not stand 
only for certain individual angles 6, <^, ij/ respectively, but 
for any one of the angles of which the sines, cosines, and 
tangents respectively are equal to sin $, cos ^, and tan i/r, 
so that we should more correctly write 

sin"^ a = WIT + ( — i)" ^, 1 where n is any integer, and 
cos'"^6=2W7r±<^, . y may be affected either with 
tan-' c = WTT + i/r, J a positive or negative sign. 

The functions sin"*' a, cos-' b, &c are called inverse 
trigonometrical functions from the nature of the notation, 
since in algebra ic-' is the inverse of a?, and therefore by 
analogy sm-', tan-', &c. are called the inverse of sine and 
tangent respectively. 

2. Given sin"^ a and sin'^ b, to find »in~^ a+ sin"^ b 
and sin"^ a— sin^^b. 

Let sin-'a=^, sin-'&=<^. 

Then a=sin^, &=sin^, 
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and cos^ 6= i — sin^ ^= i —a* ; 
.'. cos^==fc Jii-O'). 

Similarly, cos <^ = ± ^/C i — &"), 
sin (^ + <^) = sin ^ cos <^ + cos ^ sin ^ 

= ±aAy(i-&")±&Ay(i-a»); 
and /. ^ + <^=gin-'{±a^/(i-6»)=fc6/iy(i -«»)}, 

or8in"^a+sin-'5=8in-' \^a,J(i-'ly')^bJ{i-a')\. 

Similarly, 

sin-'a— 8in''&=sin"^ \dbafj{i—b')^bj{i—a^)\. 

3. To prove that tan^^ a + ton""' b = tan'^ ^ . 

1 — 26 

Let tan-'a=^, tan"'6=<^. 
Then a=tan^, &=tan<^, 

J X /zi . IN tan^+tanA a+5 

and tan {d-\- d>)= — -.- ,c-. ^ = =- ; 

^ ^' I — tan^.tan<^ i— 06' 

•*. tan"'a+tan"'&=^ + A=tan-' 1. 

The exact meaning of this formula is worthy of con- 
sideration. Since there are several angles of which the 
tangents are a, and again several of which the tangents 

are &, and also several of which the tangent is r, 

we should notice that the above formula expresses the fol- 
lowing &ct ; 

The sum of any two of the angles of which the tangents 
are a and b respectively is equal to sovm one of the angles 

of which the tangent is ——^ • 

Similar remarks of course apply to the expressions for 
sin"' a+sin^' &, and in fact to all formulae in which these 
inverse functions are combined. 
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Evidently by the same process we get 



tan-* a — tan"" h = tan~» 



i + a&' 



4. Again, if tan""'a+tan"'64-tan~'<j be required, 
we have 

tan-*a+tan-^6+tan"'c=tan-^ =+tan-»c 

i—cib 



=tan-' , I 



I — 



=tan-^ 



I— oft 
a+b+c—abc 



i-(a&+6c+ca)' 
and similarly for the sum of any number of angles. 

The reader is referred to the examples upon this chap- 
ter for a number of questions which will, illustrate and 
further explain the methods of combining these inverse 
functions. 



CHAPTER Vn. 

TRIGONOMETRICAL FUNCTIONS OF THREE ANGLES 
AND RELATIONS AMONG THE TRIGONOMETRICAL 
FUNCTIONS OF THE ANGLES OF A TRIANGLE. 



DENOTE the sum of any three angles Or, 0^, O3 by S, 
and their sines and cosines respectively by Si, «2, s^, 

Cif Ca, (J3. 

Then, 
sin ^8^= sin (^i + «2 + ^3) = sin ^(^, + ^2) + ^3 J 

= sin (^x + 62) COB ^3 f cos (^i + ^2) sin 0^ 

Now, recollecting that 

8in(— ^)=— sin^ and cos(— ^)=oo8^, 

we can obtain sin (-^1+^2 +^3), Le. sin (/S' - 2^1), from 
sin^S by simply changing the sign of «i. Hence we have 

sin S= 81C2C2 + *2<?3Ci + 82C1C2 - «i*2«3 (1), 

sin {S— 2$j) = - 8t€2C3 + S2C3C1 + *3CiC2 + 818283 (2), 

sin (S— 262) =■ *iC2C3 — «2C3<?i + 82C1C2 + 818283 (3), 

sin {S— 263) = «i<?2<?3 + 8:fi3Ci — 83fiiC2 + 818283 (4). 

From these expressions we can deduce a variety of 
results. 

Adding (2), (3), (4), and subtracting (1), we get 

sin (/y- 2^x) + sin {S- 262) + sin {S- 263) - sin S 

=4»x«2*3 (A). 
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If ^1+^2+^3= i8o«>, i.e, if $n $2, 6 2 are the angles of 
a triangle, recollecting that sin(i8oo— &) = sin^, (A) be- 
comes 

sin2^x+sin 2^2 + sin 2^3 =4 sin ^z sin B^ sin ^3 (£). 

If instead of Ox, 62, 63 in the general formula (A), we 

write ^, ^, ^, weshallhave^=^ + ^+^=9o^ 
2 ' 2 ' 2 ' 222^ 

and therefore 

6 

cos ^i + cos ^2+ cos ^3= I +4 sin — . sin —.sin — (C). 

222 

Dividing (1) by CtCsCsj we have 

tan ^i + tan ^2 + tan ^3= tan ^i. tan ^2. tan ^3 (D), 

and dividing (i) by S18283, 

cot^i cot ^2+ cot ^2 cot ^3 + cot ^3 cot ^1 = 1 (E). 

Again, 

cos (^1 + ^2 +^3)= cos (^1 + ^2) co8^3-sin (^1+^2) sin ^3, 

or C08/S'=Ci(?2C3 — Ci*2«3 — C2*3*i — C3«i*2 (7). 

Hence changing the sign of «i, we get cos(— ^i+ ^2+ ^3), 
or 

cos {S^ 2^1) = C1C2C3 — Ci«2*3 + ^28381 + €28182 (8). 

Similarly, cos {S- 262) = C1C2C3 + €1828^ - C2«3*i + €28182- . . . .(9), 

cos {S- 2^3) = C1C2C3 + €18282 + C28381 - C3*i*2 . . . (10). 

Adding (7), (8), (9), (10), we get 

cos {S— 2$i) + COS {S- 262) + COS {S- 2^3) + cobS 

= 4COS^iCOS^2COS^3 (F), 

and if ^1 + ^2+^3=1800, (F) becomes 

cos 201 + cos 2^2 + cos 2^3 + 4 cos ^i cos ^2 cos ^3 + I = o. . (G). 

Again, since cos 261 = 2 cos^ 61 — i, 
we get from (G) 
^s» ^i+cos» ^2+ cos« ^3+ 2 cos 6x cos $2 cos $2= I (H). 
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Putting -, -, ^, respectively for fl„ 6^ 6^ in (F), 

2 Z Z 


and remembering that -r + -^ + ^=9o°> 

2 Z Z 

we get 

6 
sinflx+sin tf2+Bin^3=4COS -^^ cos -^^ cob -;^ (I). 

2 Z 2 

Many more symmetrical relations might be proved to 
subsist among the trigonometrical functions of the angles 
of a triangle. (See examples upon Chap, iv.) 



CHAPTER VIIL 

LOGARITHMS, LOGARITHMIC AND TRIGONOMETRI- 
CAL TABLES. 



1. T ET o; be that power to which a nnmber a must 
Xj be raised in order to be equal to a number N, 
Then 

The number x is called the logarithm of N with reference 
to a, or, as it is usually expressed, to the 'base a. 

2. The logarithm qf the product qf two numbers is 
equal to the sum of the logarithms of the numbers. 

Let a be the base, M, N the numbers, and x and y 
their logarithms respectively to the base a. 

Then by the definitions M=€f^ 

and /. MN=a'xa^=a^^9 ] 

therefore by definition x-\-y \& the logarithm of MN to 
base a, or denoting the logarithm of M by log J/, we haye 

log MN=^ x-¥y=\og M-¥ log N. 

3. llie logarithm qf the quotient qf two numbers is 
the difference qfthe logarithms qfthe two numbers. 

Using the same notation 

Ma* 

•*• iog2y-=ip-y=iogjf-iogiv: 



Logarithms^ (fee. 65 

4. The logarithm of the m^ power qf any number u 
m tifFies the logarithm, qf tJis number. 

Let {j^=M BS before; i.e, a?=logJf. 

Then ilT* =(««)"' =a"«; 

.*. log M^ = mx=m log M, 

and this is true whether m be an integer or a fraction. 

6. We thus see, from the preceding articles, that, by 
means of logarithms, the processes of multiplication and 
division are reduced to those of addition and subtraction, 
and those of evolution and involution to multiplication and 
division. 

For, suppose we know the separate logarithms of M 
and N, we have only to add them together to obtain the 
log of MN, and if we have the means of at Once determin- 
ing the number corresponding to a given logarithm, we 
can find the number corresponding to log MNj i.e. MN 
itself. By this means laborious arithmetical processes are 
very materially facilitated. It is of course necessary for 
this purpose that the calculator should be in possession of 
a ''Table of Logarithms," that is, of a table giving the 
logarithm of any number he may have to employ. The 
construction and use of such a table we now proceed to ex- 
plain. Although theoretically any base might be employed, 
that which is most convenient in practice is lo, the radix 
of the ordinary scale of arithmetical notation. Tables of 
logarithms are also calculated to a base e, where e stands 
for a certain decimal 271 821 8, but we shall not use them 
in this treatise. They are called Napierian logarithms, 
from Lord Napier their inventor. 

When therefore we speak of logarithms, we must be 
understood to mean logarithms to the base 10, unless the 
contrary is specified. 

6. Characteristic and mantissa qfa logarithm^ 

Since 100=1, 
10' = 10, 
ioa=ioo, 
io3=iooo, 
and so on. 

H.T, T 
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Therefore for any number between i and lo the loga- 
rithm is between o and i. 

For any number between lo and loo the logarithm 
is between i and 2. 

For any number between 100 and 1000 the logarithm 
is between 2 and 3. 

And similarly for any number between 10" and 10"+' 
the logarithm is between n and n+ 1. 

Now 10" has n+i digits, being expressed by writing 
down unity followed by n zeros, and lo""*"' similarly has 
w+2 digits. Hence any number from 10" to lo**"^^ (in- 
cluding 10" and excluding lo""^') will have n+ 1 digits if it 
be a whole number, or n-f- 1 integral places followed by a 
decimal if it is not integral. From this we conclude that 
the logarithm of any number containing n+i digits in its 
integral part will be n followed by some decimal 

Thus log 23453487 will be the whole number 7 followed 
by a decimal part, being in fact 73 702074. 

This decimal part of the logarithm is called the man- 
tissa, the integral part n being termed the characteristic. 

Again, 10°= i =1, 

, I 
10-'= — =-i, 
lo ' 

io-»= — =-oi, 
100 ' 

jo^3 = =*ooi, 

1000 ' 

and so on* 

Hence for any number between i and 'i the logarithm 
is between o and — i. 

For Any number between *i and 'oi the logarithm is 
between — i and —2. 

For any number between 'oi and *ooi the logarithm is 
between —2 and —3. 
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And dmilarly for any number between lo*"** and 
JQ-C-+X) the logarithm is between — n and — (»+i); that 
is, it will be a negative number consisting of an integral 
part — n as characteristic, and a negative decimal as man- 
tissa. Or if we wish to have the characteristic only nega- 
tive, we must add + 1 to the mantissa, and — i to the 
characteristic, so that we shall have then — (n+ 1) as the 
characteristic^ which will be followed by a positive man- 
tissa. 

Now lo"-" is expressed by writing down unity, prefixing 
n — I ciphers, and placing a decimal point before these 
n figures; and similarly lo'^**'*'') will be a decimal ex- 
pressed by n zeros followed by unity. 

Hence any number lying between lo-" and lo-C**') will 
be a decimal, having n ciphers preceding its first significant 
digit. The rule then for obtaining the characteristic of any 
number less than unity is, to add unity to the number of 
ciphers preceding the first significant digit of the number, 
it being always recollected that on this supposition the 
mantissa is positive. 

Thus the logarithm of '0023453487 is 3*3702074 the 
minus sig^ being written above the characteristic, to shew 
that it alone, and not the mantissa^ is negativa 

7. If we know the logarithm of any number we can at 
once write down the logarithm of any other number which 
has the same digits, but only differs from the given number 
in the position of the decimal point 

The position of the decimal point in any decimal is 
affected by multiplying or dividing by some x>ower of 10. 

Let Nhe the number, the logarithm of which is known. 

Then 10** x iV is a number with the same digits as N, 

but with the decimal point moved n places to the rights and 

N 

is a number with the same digits as N, but with the 



10" 



decimal point moved n places to the left. 

Now log io"xi\r=logio**+logi\r=n+lQgiV, 

N 
and log --i,=logi\r-logio"=-«+logi\r, 

f2 
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Hence, n being an int^er, it is only the characteristic 
of the logarithm which differs in these two results from the 
logarithm of N. Therefore by giving the logarithm its 
proper characteristic in accordance with the rules investi- 
gated in Art. 5, we can deduce the logarithms of lo** x N 

N 
and — n from that of N, 

Thus, for instance, knowing the logarithm of 3*4567 to 
be '5386617, we can at once write down the logarithms 

of 34567, 34567, 345*67, 34'567, 34567, -034567, and any 
number formed by adding ciphers to 34567, or any decimal 
formed by prefixing ciphers to the same digits. 

Thus log 345*67 = 2538661 7, 

log 3456700=6-5386617, 

log •00034567=4-5386617, 

so that the one register '5386617 in the tables is sufficient 
for the logarithms of all three numbers. 

It is this which gives logarithms calculated to the base 
10 the advantage over all others. 

Vide the examples on this chapter. 

8. The trigonometrical functions, being themselves nu* 
merical quantities, have corresponding logarithms, which 
are of continual occurrence in trigonometrical calculations. 
The sines and cosines of all angles, and the tangents of all 
angles, less than 45°, being less than unity, the log sines, log 
cosines of all angles, and log tans of angles less than 450, will 
be negative quantities. This being the case, in the tables 
which are drawn up of the logarithms of the trigonometri- 
cal functions, and which are generally calculated at inter- 
vals of 10", the logarithms are increased by 10 for conve- 
nience. The logarithms so increased are called tabidar 
logarithms of the trigonometrical functions, and the tabular 
logarithm of sin $ or cos 0, for instance, is generally written 
Z sin and L cos 0, to distinguish it from the actual loga- 
rithms which would be indicated by log sin 6 and log cos $, 
the difference being that 

L sin ^=log sin ^+10, 

L cos d=log cos d+ 10. 
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Tables are also calcnlated not only of the logarithms of 
the trigonometrical functions, but also of the values of 
the functions themselves for all angles from cP to 90^', at 
intervals of ic/' or at intervals of M\ For the method 
however of calculating such tables the reader is referred 
to more advanced works upon the subject 

9. Logarithms qf numbers, qf/unctionSf Ac. not given 
in the tables. 

We often require to find the logarithms of a number 
which does not occur in the tables ; for instance, supposing 
that the tables do not give the logarithm of any numbers 
containing more than five digits, it may be necessary to 
find that of a number of six digits. The calculation is made 
by " the method qf proportional parts!* the statement of 
which is, TJie increase of the logarithm is proportional 
to the increase qf the number, the logarithm, qf which is 
taken. The method of proceeding is as follows : 

Let 3 be the difference between the logarithms of the 
two consecutive numbers given in the tables, between which 
the number lies, the logarithm of which is required ; and 
let d be the difference between the least of these two num- 
bers and the number of which the logarithm is required ; 
let X be. what must be added to the logarithm of the least 
of the two numbers given in the tables, to produce the 
required logarithm. Then, since i is the difference of the 
two consecutive numbers in the tables, we have the pro- 
portion 

X _d 

which gives as. 

It is necessary to observe that we can, in finding the 
logarithm, always consider a number containing more digits 
than those which have their Ic^arithms given in the tables, 
as intermediate in value to two numbers there given, even 
though it may not be so in reality ; for we can suppose a 
decimal point to be placed before the additional digits, since 
the logarithm of the number so altered will only differ from 
the logarithm of the actual number given in its character- 
istie, which can be at once assigned. 



70 Logarithms^ Logarithmic and 

Thus, if in tables calculated only for 5 digits, the loga- 
rithm of 3573489 were required, we should proceed to find 
in reality the logarithm of 3573489, and then by assigning 
the proper characteristic we should obtain log 35 73489. 

10. The method will however be best illustrated by an 
example. 

Given from the tables 

log 35734=4'553o8i6, 

log 35735 =4-5530938, 

required log 3573489- 

log 3573489 is intermediate in value to log 35735 and 
log 35734, the difference between which is •0000122. 

This corresponds to 8, and d is '89. 
Hence we have 

X 

— - — =-89; 
•0000122 

.*. :i?= -000010858, 

or :i?= '0000109, 

omitting the figures beyond the 7th place of decimals and 
replacing the 8 in the 7th place by 9, since 58 4S more 
than 50; 

- log 3573489=6+ -5530816 

+ •0000109 

= 6-5530925 

11. The converse process, viz. that of finding the num- 
ber corresponding to a given logarithm which is not regis- 
tered in the tables, is exactly analogous. 

Suppose we have given 6*5530925, and are required to 
find the number of which it is the logarithm. Referring 
to the table we find that the numbers given there to which 
•5530925 is intermediate are '5530816 and '5530938. These 
are the logarithms of 35734 and 35735, and the difference 
between them is '0000122. The difference between the 
lowest of these and '5530925 is '0000109. Hence if (^ is 
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wbat must be added to 35734 to get the number of which 
6*5530925 is the logarithm, we have the proportion 

d_ '0000109 _ 109 
I ~ '0000122" 122 

= '89; 

therefore the nnmber, the logarithm of which is 6*5530925, 
is 3573489. 

12. The tables of the trigonometrical functions and of 
their logarithms being calculated for angles at intervals of 
10" or of 60'', it is frequently necessary to calculate the 
functions or logarithms of the functions of angles which 
do not occur in the tables. 

This is also effected by the method of proportional parts, 
which when applied to angles is stated thus : 

The increase or decrease of the trigonometrical function 
is proportional to the increase of the angle. 

The increase or decrease of the logarithm of a trigopo- 
metrical fonction is proportional to the increase of the 
angle. 

It should be noticed that as the angle increases from 
zero to go°, the sine, tangent, and secant increase in mag- 
nitude ; but that the cosine, cotangent, and cosecant de- 
crease in magnitude. 

For instances of the employment of this rule the reader 
is referred to the examples. 

The truth of it of course requires proof, which, how- 
ever, I think it better to omit in this elementary work. 

The results given by it are moreover only approximate, 
but the error is in general so small as to be quite safely 
neglected. We say, in general, because there are certain 
cases in the calculation of angles where the error is too 
large to allow of its being left out of consideration. In 
these cases the method of proportional parts is said to fail, 
and other processes of calculation have to be employed. 
The discussion of these however is beyond the scope of 
this treatise. 



CHAPTER IX. 



SOLUTION OP TRIANGLES. 



IF ABC be a triangle, the lengths of the sides opposite 
to the angles A, By G respectively are usually denoted 
by a, by c, and accordingly this is the notation which we 
shall employ. 

1. Proportionality cf the sides and the sines qf ths 
opposite angles. 





From the angle -4 of a triangle ABC draw a perpendi- 
cular AD upon the opposite side, which will fall within or 
without the triangle, according as the angle C is acute or 
obtuse, as is represented in figs, (i) and (2) respectiyely. 

Then fig. (i), -jj^ =sin B and -^^ =sin Q 
or AD =c sin B=b sin C, 
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awl fig. (2), 35=8in5, 

AD 

and -j^=Bm^az:)=8m(i8oo-(7) = 8inC; 

/. AD=e BinB=b mnC. 

Hence In each case 

emiiB=banCf 

an B anC 

or — ^— = . 

b e 

An exactly siimlar proof would shew that 

sin^ onB 



Hence 



a b 

smA _ sm i? _ sin C 
a "^ b " c ' 



2. This relation between the sides and the sines of the 
opposite angles furnishes us with two equations involving 
the six parts of which a triangle is composed, viz. the three 
sides and the three angles. We know also that 

This is another equation, so that we have three equa- 
tions between the three sides and the three angles. If then 
three of these six parts be known, we have, by substituting 
the three given values in these equations, three equations 
containing only three unknown quantities, and therefore we 
can, by solving the equations, find the values of the three 
remaining parts. The finding the magnitudes of the sides 
and angles of a triangle from given data, is called solving 
the triangle, and theoretically the three equations we have 
obtained are sufficient for our purpose. There are, how- 
ever, several deductions from these equations which in 
practice are frequently more convenient to employ than 
the fundamental equations themselves, and which we pro- 
ceed to investigate. 

Three parts of the triangle must be given in order to 
determine the remaining parts. For suppose two parts 
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only were given, say two sides. We might represent 
this case by a pair of compasses^ whose legs are the same 
lengths respectively as the g^ven sides of the triangle, and 
whose extremities are joined by an elastic string. By alter- 
ing the inclination of the legs we can form an infinite num- 
ber of triangles, all of which have two of their sides of the 
given length. 

Or if one side and its 
opposite angle were given. 

Suppose BC is the given 
side and BAG the given 
angle. Describe a circle 
about the triangle ABC, 
Then any triangle, which 
has BC for its base and 
a point on the circle for its 
vertex, will fulfil the re- 
quired conditions. 

Or again, if one side and an adjacent angle be given as 
the angle XAB and the side AB, Then any straight linel 





drawn from B to intersect the indefinite line AX will form 
a triangle fulfilling the required conditions. 

If two angles (or which is the same thing, the three 
angles) be given, we may have a triangle of any magnitude 
with the required angles. 

Hence we conclude, that in order to solve a triangle 
it is necessary and sufficient that three parts should be 
known, and farther, that one of the parts at least should 
be a side. 

It sometimes happens that the magnitudes given, from 
which the triangle is to be determined, are not actually 
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three of the six simple parts of the triangla It will always 
be found, however, that three of these parts are virtually 
given, i. e, can be determined from the data. Such a case, 
for instance, would be : " Given the difference of two sides 
of a triangle and the angles opposite to their sides, to de- 
termine the triangle." 

3. To prove that cos C= — — r — . 

In figure (i) on p. 72, BC=BD+DC=c oosB+b cos (7, 

(2), BC=BD-DC=c COB B-bcosiiScP^C) 

=cco8-S+6co8(7; 
therefore in every triangle, 

a=c cos B+bcoaC (1). 

Similarly, b=a cos C+ c cosA (2), 

and c=&cos^+acos^ (3). 

Multiplying (1) by a, (2) by 6, (3) by c, and then sub- 
tracting the last result from the sum of the two others, 
we have 

a» + &« -c» = 20& cos (7, 

or cos C= £ — . 

2ab _ 

Sunilarly, cos -4 = j- — , 

and cos 5= . 

2ca 

Prom these values the other trigonometrical functions 
of A, B and G can of course be determined in terms of 
the sides a, b, e, 

4. This expression might also have been obtained by 
assuming the results of the 12th and 13th propositions of 
the 2nd book of Eudid. 
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For fig. (i) p. 72, by Buc. n. 13, 

and CD^ACcobC; 

,\ e'=(P-\-b'--2abcosC, 

And fig. (2) by Buc. n. 12, 

AB^=BC»+AC^ + 2BC, CD, 
and GD=ACcos{i^(P-C)=-'ACco&C; 
.'. c«=a* + &a— 2a6cosC7, 
in this case also. 

This result is in fact nothing more than the results of 
the 12th and 13th propositions of Buc. n^ translated into 
analytical language. It is a very good example of the 
generality of symbolical representation as compared with 
that of geometry, the one result including both the cases 
given in Buclid. 

6. Expresnons for the trigonometrical functions qf 

A B C , ^ . , 

— , — , — tn terms qfa, 0, c. 
222 

A T __ AQS A. 26/* 

sin* — = = , by the last Art 

22 2 " 



. ^,^^a-(&~c> 



4fic 

(a-b+c) (a-hb-c) 



2 46c be 

Let =*. Then = 6=*— ft 

2 2 2 '^ 

a. .1 1 a+b—c 
Sumlarly, =s—c; 
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Simflarly 

2 2 2 4^ ' 

.% cos* — = ^^ T = 4 = — T — : 

2 4&C &c be 

A /(8.(8—a)) 



.". tan— = 

2 

COS 



. 5 

sm — 

2 



"^2 vt 6c ; /as-b){»-c)\ 

A '/(».(s-2)\ -^ X i.(t-a) /• 

The analogous expressions for the sine, cosine, and tan- 

gents of — and - can be written down from the sym- 

metry. For, noticing that the value of the sine, for in- 
stance, has in the numerator the sides adjacent to the 
angle subtracted from 9, and the same sides in the deno- 
minator, we can at once write down 

and, from similar considerations, 

6. The x)ositiYe sign is taken with the fimctions, because, 
A being < 180°, -- is less than 90°, and consequently its 
trigonometrical functions are all positive. 

We may also remark that the expressions 

a-\-b—c a—b-\-c a^b—c ,, , . , 
, , , that.is *-a, «— 5, «-c, 



cos 



sin 
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arc all necessarily positive, since any two sides of a triangle 
must be greater than the third. 

We may also notice that these valnes of the sines ^d 
cosines are less than unity, as ought to be the cas& 

For, taMng sin — for example, it will be less than i if 

46c '' 

♦.«. if a»-&24.2&c-ca<4&c, 
if a2<&2 + 2&c+c2, 
if o<&+c, 
which we know to be the case. 

7. Area qfa triangle in terms qfthe sides, 

m^=2Bm-^cos~=2^| oc } ^1"^) 

_ /C s. (s - a){s-'b)(s—c) ) 

-^^t ac y 

Now both in figs (i) and (2) on p. 72, 
the area of the triangle ABC=\BC. AD, 

and AD=c sini?; 

•*. the area of triangle ABC=\ac mnB, 

and, substituting the yalue just found for sin B in terms of 
the sides, 

the area of the triangle= s/{*.(«— «)(*— 6)(«— c)}. 

« m ^1. ^ ^ A—B a—h .0 

8. To prove that tan = — ^ cot — . 

^ 2 a+6 2 

sin^__a 
%mB''h* 

sin^ + sin^ a + & 
" sin-4— sin^""a^6' 
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. A + B A-S 

2 gin cos 

^^ 2 2 + & 

2 Sin cos 



. . A-B a-b. A + B 

/. tan = — i-tan , 

2 a+b 2 * 

2 ~ 2 ' 



and 



/. tan — - — = -—T cot- . 
2 a+6 2 



(a-6)cos — 
9. 7b /?row that c= . p - , 

• ,A "~" iJ 

Sin 



. C C 

. ^ 2a sm — COS — 

_ asmC _ 2 2 

" amA ~ RID. A 



f 



, . G A+B , A + B „ G 

and sm — = COS , because =00° — : 

2 2 ' 2^2 

G A + B 

2a cos — cos 

2 2 

•'• <?= t . (1). 

sin^ ^ ' 





Again, since 


sin^ 
sin-4 ~ 


b 
~a' 




sin^- 


-sin^ 


a—b 




sin 


iA ~ 


a ' 


or 


2 sm cos 

2 


A+B 

2 


a—b 


sin^ 




a ' 




Ana 


A+B 





2 a-b 

/. 2a 



8in-4 " . A-B' 
sm 
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(a—b) cos — 
^ 2 



.-. from(l), c=— — jj— g-. 



sin 



10. We subjoin a geometrical proof of the two re- 
lations 

tan = — £ cot — , 

2 axo 2 



c= 



(a— 6) cos — 

. A--B 
sm 



Let ABC be the 
triangle and let a be 
greater than b. 

Cut off from BG 
CD equal to CA, and 
produce jB(7 to B, mak- 
ing CB equal to CA 
or CZ>. 

Join ^^. Then, 
clearly, since 

CD = CA = CB, 

BAD is the angle in 
a semicircle, and is 
therefore a right an- 
gle. Draw DM pa- 
rallel to AB. Then MDA is a right angle. 

We have BD^a-b, BB=a+b, 

BAD=A'-CAD=A-CDA='A-{B'hBAD) 

,\ 2BAD=A-B, 




or BAD = 



A-B 



and B= — . 

2 



„ ^ A-B DM DM AE BD „ 
Now tan -^- = 3^ = ^jg ._ =^ cot ^, 

by similar triangles BMD, BAB; 
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/. tan = — =• cot — . 

2 a-t-h 2 

Again, completing the rectangolar paraHelogram APBN, 
AB sin BAN= BN= BD cos DBN, 

therefore ^sin =(a— ft) cos — : 

2 2 

{a—h) cos - 

"^"^ . A-i - 

Bin 

2 

11. Different cawi qf eolution* 

The formulsa which we have proved are sufficient to 
enable us to determine a triangle, where three of the six 
parts are given as already explained. 

We proceed now to distinguish the cases of solution, and 
to explain the method of proceeding in each case. 

The only cases which can occur are the following four : 

(1) When two angles and a side are given. 

(2) When two sides and an angle opposite to one of 
these sides are given. 

(3) When two sides and the included angle are given. 

(4) When the three sides are given. 

Case (1). Let a, B, and G be given. 

Then A is of course known, because ^4 = 180°— (5+ C). 

... - sin 5 

And, smce o=a-i — 7- 

^ sin -4 

sin G 

the sides are given in a form adapted to logarithmic com* 
putation. 

If a. Ay B be given, G= iSaP-{A-^B)j and b and c are 
found as before. 

H. T. a ' 
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Case (2). 27ie (mbiguous ccue. Suppose A, a^ and 
& to be given. 

Then Bin-B=-8in^. 
a 

Hence sin ^ is given in a form adapted to logarithmic 
computation. B therefore is found, and (7— 1 8o°— (^ + B\ 

sin C 



and c=a 



sin -4* 



In determining B however from the equation 

sm^=- sm^, 
a ' 

we do not know in general which angle to take, the least 

positive angle which has its siue equal to - sin^, or its 

supplement. Hence this is called the ambiguous case, 
since there may be two triangles answering to the required 
conditions. The ambiguity in some instances however does 
not exist, as we proceed to shew. 

Let CL4Xbe the given angle A, Take ^(7 equal to ft, 
and with centre C and radius equal to a describe a circle. 




B^^ 



It a is less than the perpendicular CD, i.e. if a is less than 

h sin A^ the circle does not cut the line AX at all, and 

there is no triangle answering to the conditions, as is evi- 

h 
dent, because the formula sin j5=: - sin ^ is impossible if 

c{ is less than ft sin ^, or sin^ greater than unity. If 
a^CDy then the circle touches AX, and the required 
trian^e is right-angled, B being the right angle, because 
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then gin J9= I. If, however, a>6 sin ^, the circle will cat 
AX in two points, B and JBf, 

Now if a< CAy i.e. 6, the points B and J^ will fall on 
the same side of A, and the two triangles CAB, CAB will 
each fulfil the required conditions, becaose they each have 
the angle A and two sides equal to a and K 

But if CB, ue. a, ia >b, B and B ML upon opposite 
sides of A, and then only the triangle CAB fulfils the 




given conditions, because the triangle CAff has for its 
angle opposite to CB or b, not A but i^op-A, 

Hence the solution is not ambiguous in the case in 
which the side opposite the given angle is greater than 
the other side. 

Case (3), . a, &, and C given. 

From Art. 8 we have 

. A-B a-b .C 

tan = — rcot-. 

2 a-¥b 2 

Now, since a and b are known, a—b and a+& are known. 
And 

L tan ^^^^=log(a-6)-log(a+&)+Z cot f . 

2 2 

Hence Ztan , and therefore , i.e, A—B. is 

2 ' 2 ' 

known; and -4 + i5 is known, because A-^B^iZcP—C. 

Hence A—B and A+B being known, A and B are 

known, 

, a sin (7 
ana c= —, — ■j'* 

«mA t 

Hence the triangle is completely determined. 

02 
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e miglit eWdently be detemmied by means of the 
fommla proved in Art 9^ whidi is in a form adapted to 
logarithmic compatation. 

c might also be found withont determking the an^^ 
A and B from the formula 

This however in its present state is practScally incon- 
venient, since it is not in a form adapted to logarithmk; 
computation. 

It may however be reduced to a logarithmic form as fol- 
lows: 

c9=(aa+5a)fcos2— + sin»— j-2a6rcos« sin* — j 

C C 

z=,{a^-\'l^-2db) co8« — +(a«+5»+2a&) sin* — 

2 2 

G ' G 

= (a-ft)2 COS* — + (a +6)» sina — 

Z 2 

=(a-6)« cos* - ^ I + ^ 

( (a— 6)* COB* — 

.(a-.,e«.f{..(|±|^?)-}. 

Kow since the tangent of an angle may be of any mag- 
nitude, there will be some angle whose tangent is equal to 

— ^ tan — . This can be found from the tables, for if we 
a— 2 ' 

call it ^ we have 

Ztan<^=l0g(a+6)-log(a-6) + Ztan— ; 

and therefore ^ is known since a+&, a—h and G are 
known. 

G 
Hence c*=(o-&)* cos* — (i +tan* ^ 

G 
= («-&)* cos* — sec* ^ ; 
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/. c=(a— 6) cos - sec f^ 

which is in a form adapted to logarithmic computation, 
and we have 

Q 

log<;=lQg(a-&)+log cos -+log sec f^ 

and kg sec^ is known because ^ is known. Hence c is 
known. 

There is however noparticnlar advantage in this method 
of finding e, for the determination of the subsidiary angle 
^ involves exactly the same amount of labour as is neces- 
sary to find A-B. 

Case (4). Oif>en a, b, c. 

Hence A and B are known in a form adapted to loga- 
rithmic computation. 

It is better in practice to use the formulso 

because this only necessitates finding 

log*, log(*-a), log (*-&), log(#-c), 

whereas the formulae for the sines require, in addition to 
these, log a, logb and lege. 

A and B having been found, (7 is of course known, 
because C7=i8op-(^+^. 



CHAPTER X. 

CIRCLES INSCRIBED IN AND CIRCUMSCRIBED ABOUT* 
A TRIANGLE, POLYGONS, AREA OF A CIRCLE, 
&C. 



1. Inscribed and escribed circles. 




If the three sides of a triangle ABC be produced, four 
circles can be described, each of which touches the three 
sides ; viz. one which touches all the sides internally as the 
circle abc, and three which touch two sides internally and 
the other externally, as the circle kakf. 

The first-mentioned circle is called the inscribed circle, 
and the three others are termed the escribed circles of the 
triangle. 

The centre of the inscribed circle is determined, as 
we know from Euclid iv. 4, by drawing the lines AO, BO, 
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€0 to bisect the angles A, B, C respectively. By an exactly 
similar process of reasoning, it may be shewn that the centre 
of any one of the escribed circles is determined by bisect- 
ing the exterior angles CBk, BGky and the angle A by the 
lines BO^ CO a, AOa respectively, the centre 0^ being their 
conmion point of concourse. 

The circle Idok being escribed opposite to the angle Ay 
we call its centre 0«, and shall denote its radius by r«. 
Let r be the radius of the inscribed circle, and let A denote 
the area of the triangle ABC 

2. To find r, r«, n, r« in terms qf the sides qf the 
triangle, 

A=SixeAAOB+BTea,BOC+are&COA, 
and area A OB = iOc .AB= \rc. 
Similarly area -50(7= ira, 
area (70-4 =|r&; 

.'. A=ira+|r6+ir<?=rx =r,8\ 

/. r= — , and A= */{*•(•-«)(*-&)(«-«)}. 

Again, the quadrilateral OaBAC=Kres^ O^AB -i-BTe&OaAC, 
also the quadrilateral 0»BAC=KreSk O^^BC+A; 
,\ O^B+OaA G= OaBC+ A. 
Now area OaAB = iOJs . AB = ir« . <^ 
area OaAC=iOJ(f.AC=ir^.b, 
2ixesi,0aBG=i0aa.BC=ira.a; 
.*. ir«.c+ir«.6=|ra.a+A; 

.. n. =A, 

A 
or ra=--—-. 
s—a 
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on 


Duariy n 


-s-h' 








and r« 


A 

"s-c' 






T 

• • 




A A 


s-c 

A 








3«— (a+6+(?) 
A 


"A" 


I 



which is a fonnula coniiectmg the radii of the inscribed 
and escribed circles. 

3. Lengths <^ tangents to the inscribed and escribed 
circles from the angles of a triangle. 

If the inscribed circle touches the triangle in the points 
a, by c, since tai^ents drawn to a circle from the same 
point are equal, 

Ac=Aby Ba=Bc, Cb=Ca; 

and /. Cb+CB'^Bc=2a; 

and /. Ac-hAb; i.e. 2 Ac or 2^&=perimeter— 2a=2«— 2a; 

.•. Ac=Ab=S'-a, 

Similarly tangents from B=s^b^ 

tangents from C=s—c. 

Again, Ak =AB-\-Bk=^AB-hBa, 
Ahf^AC + Ckf^AC+Ca. 

But Ak^Ahf ; 

/. 2Ak=2AJd=AB+AC'^Ba^Ca 
=AB+AC+BG 

2 

and Ba=Bk=Ak —AB=s—c, 
Ca^CJd=Ahf-AC =S''b. 
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4. A simple expresakm may be obtained for the dis- 
tance between the centre of the inscribed and that of one 
of the escribed circles. 




For 00a=0^-'0A 



sm— 8in— 

2 2 



I r area area ) 
(s—a 8 j 



sm — 

2 



area a _ a /( (s-hX^-c) ) 

" . A's.{s-a) "T^l '•('-«) / 
sm — sm — ^ "^ 



sm — 

2 



/f &g 1 /f (g~&)(*-c) ) 



a 



y{'-^} 



COB — 

2 



Similarly 00t= „ > 



cos — 

2 



00.^ -^ 



COS — 
2 
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5. RadiuB qfa cirde circumscribing a triangle ABC 
in terms of the sides. 

Let ABC be the tri- 
angle, O the centre of 
the drcumscribing circle, 
which, as we know from 
Euclid lY. 5, is deter- 
mined by bisecting the 
sides of tiie triangle, and 
drawmg perpendiculars a 
from the points of bisec- 
tion to the sides respect- 
ively. The common point 
of concourse of the three 
perpendiculars is the cen- 
ter 0. 

Draw the diameter BOA' and join A'G. Then, 

angle BA'C= angle BAG, 

because they are in the same s^ment of the cirde, and 
BCA'y being in a semi-circle, is a right angle; 

BG a 




.•. diameter jB^': 

or, calling the radius R^ 

a 



«aLBA'G~ ^mA' 



R = 



2 sin ^ 2 sin J? 2 sin (7* 

2A 

he 



Now sin -4 = -j^ . (Chap. ix. 7.) 

dbc 



Hence R=^— z=z 



4A 4 \/{«- («-«)(«-&)(*-<?)} ' 

G. Formyka connecting r and R and also r^ and R, 
Referring to the figure of Art. 1, we have 

iA B) 

cos— cos — [ 

, A .J 

sm — sm— 1 
2 2' 
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Now -B=— ?-7v; U,e=2RsaLC\ 

cos — Bin — + Bin -r cos — sm — ^ — 

, 2i2sm<7=r. ' ^ ^ , i^ """'"n^* 

am-Binj Bin-sin- 

. A + B . ^-(7 C 

Now am — ^=8m— — =cos-, 

C C 
and sin (7=2 sin -r COB — ; 

2 i2 

^.(70 ^^2 

.-. 422Bm-cos^=r— ^j-— g; 

Bin— Bin ■- 

2 2 

/. r=422 8in— am— sin—. 

^^222 

Again, referring to the same figure, 
a=BC=Ba-{- Ca= 0^ cot OaBa-V OaO- cot O^Ca 



= 0^ 



{o«(M) .«.(!-£) 



=r«ri 



tan — +tan — j ; 



sin- Bin-I sm-^ 

A 2-Bsinu4 = ra'j — y^"^r ^« i 6'' 

[cos — cos -] COB -cos- 

A 

. . cos — 

.*. 4i2Bm— -COS— = ra— ^— — ^; 

cos — cos -— 

2 2 

/, ra=AB sm — cos — cos— . 

2 2 2 
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Analogous ezfH'essions of counBe obtain for n and n in 
terms of R. 

7. Eapression for the distance between the centres of 
the inscribed and circumscribed drdes qf a triangle in 
terms qf the radii qf these two circles. 

Let be the centre of the inscribed, and (/ of the cir- 
comscribed circle. 




Then (yB = R, OK=r, (yBC^^-A, because 
BC/N-Ay it being half the angle at the o^^e, which 
is 2A. 

OB=r coaec—. 

2 

B B 

Then 00'a=jB«+r«coseca — -2i2r cosec — cos 0^0', 

2 2 

and 

050'=i5-(9(^-^)=9o--4 - f -(90^-^)= ^; 

B B A — G 
/. 0(y^=B^+r^ cosec* 2Rr cosec — cos ; 

2.22 



[< 



A a, . A . C 
cos — COS — + sm — sm — 

2 2 2 2 

= 22* - 2i2r 1 ri5 

I nn — 

I 2 



r cosec* 



B 



rW 
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Snbsfcitatiiig for r, in the Booond tenn of the expression 
irithin the bracket^ the value 



we get 



4^sm|^gin|8in|, (Art 6,) 



A C . A , C . A . C^ 
COS- COS— +sin— Bin — 2 sin— sm — 

0(y^^R^^2Rri ^ ^ ^ ^ ^ ^ ^ 



sm — 

2 



COS 



A-^G 



^R^-2Br 



COS 



THi 



=jB2-2i?r. 



8. Again, Oa being the centre of the escribed drde 
opposite to Ay 




The angle (yBOa^OoBG^CBa 

=i(i8oo-5) + 9oo-.^ 

= i8oo---.^ = 90o.:^lll?. 
2 ^ 2 

.'. a'Oa»=i2»+ra«sec2 — -2i2ra sec — sin ^^^, 

2 22' 

ABC 

and r« = 422 sin — cos -- cos — . (Art. 6.) 

222 ' 
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Hence^ by a substitution similar to that in Art. 8, 

Similar expressions of course hold for OOt and 00^ 

9. Polygon inscribed in a circle. 

Let AB be a side of a 
regular polygon of n sides 
inscribed in a circle, the cen- 
tre of which is 6>, and radius 
r. Join AO, BO. 

Then the triangle AOB is 

1 of the area of the poly- 
n 

gon. 

Draw ON perpendicular 

to AB. 

27r 

n 




2'TP 77" 

Then the angle AOB= — , and /. AON= - ; 



IT 

n 



:. AB=2AN= 2AO sin AON= 2r sm 

and the area of the triangle AOB 

=iAO. OB sin AOB^^r^ sin — ; 

n 

/. the perimeter of the polygon = 2nr sin - ; 

n 

27r 
and the area of the polygon =iwr« sin— . 

n 



10. Circumscribed poly- 
gon. 

Suppose a regular poly- 
gon of n sides to be circum- 
scribed about the same cir- 
cle, and let A'B' be one of 
its sides. 

Then since, as before, 

n ' 
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A'B = 2A'K= 2OK tan A'0E:= 2r tan - , 

n 

triangle A'OJff=\A'^. 0K= r« tan ^ ; 



/. the perimeter of the polygon = 2wr tan - , 
and the area of the polygon = nr^ tan - . 

1 1 . Circun^erence and area qf a circle. 

It may be assumed that the circumference of the circle 
is intermediate in length to the perimeters of the inscribed 
and circumscribed polygons, and that the smaller the sides 
of the polygons are made, the nearer do their perimeters 
approach each other and the circumference of the circle in 
magnitude. 

The circumference then of the circle is intermediate in 
magnitude to 



2nr sin - , and 2r tan - : 
»' n 



that is, to 





. nr 
BIR- 






tan~ 


2irr 


n 


and 


2irr 


n 

IT 



n n 

Now, when n is made very great, - is very small; and, 

n 

when n is made infinite, - becomes zero. 
But (Chap. n. Art. 14) when - is zero, 

sm- tan- 
n n 

IT w 

n n 
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Henoe, when n is made infinite, each of the two limits, 
between which the drcumference of the circle lies, be- 
comes 2irr. 

Hence the circumference of the circle is 2irr. 

Again, similarly, the area of the circle always lies be- 
tween 



inr' sin — , and «r' tan - , 



or between 



sm — tan — 

Tir' , andirr'— , 

n n 

each of which when n=oo becomes irr'. 

Hence the area of the circle, which is always inter- 
mediate in magnitude to those of the two polygons, is wr", 

12. To find the area of a sector qf a circle. 

Let 6 be the circular .^- ,_ 

fnea,sure of the angle which 
the arc of the sector MON 
subtends at the centre O. 
Divide the angle MON into 
n equal parts of which AOB 
is one. Then the circular 

measure of AOB is - . 

n 

The area of the triangle 

^0^=-r»sm-. 
2 n 

Hence, as in the case of the whole circle, the area of 

Q 

the sector MONwML be equal to the value of i^r' sin - , 
when n is increased without limit. 

6 I H^'nl 
Now iwr* sin - = - 6r' < -y-r ; 

'' n 
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and, when n is increased without limit, - is zero : 

. $ 

sm- 

.*. when this is the case ^ =i : 

u 

n 
.*. the area of the sector is idr'. 



ttir. 



CHAPTER XL 

APPLICATION OP TRIGONOMETRY TO MEASURING 
HEIGHTS AND DISTANCES. 



1. TT is by means of the relations between the sides and 
JL angles of triangles that the operations of surveying 
are conducted. To go into the details of this branch of 
the subject with any degree of completeness would alone 
require as large a volume as has been devoted to this treatise. 
It is however the expedients to which it is necessary to 
have recourse in actual practice, which constitute a large 
portion of a work specially devoted to surveying. The 
trigonometrical principles of the calculations involve but 
litUe difficulty, and we shall be able by the solution of a 
few general problems to illustrate them sufficiently for the 
purposes of this work. 

2. In making any measurement the first requisite is 
a fixed standard length very accurately measured, to which 
we can refer other lengths as a unit. On paper, and for 
small distances, an accurately marked ruler or some equi- 
valent instrument might be employed. When however the 
measurements are on a large scale, a straight line is very 
accurately measured, and by means of the principles of 
Trigonometry, we are able to express the other distances 
we require in terms of this length. This line or Ixise, as it 
is technically termed, answers the same purpose as a ruler 
or measoring rod, except that it is stationary, and the other 
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distances to be measured are calculated by referring them 
to the base^ by means of trigonometrical calculations. 

There are various instruments which enable the sur- 
veyor to measure the angles which any given point sub- 
tends at two other points. He must also be furnished 
with a set of logarithmic and trigonometrical tables. 

3. The cmgle of elevation of a point anywhere situated 
above the eye of the observer, is the angle which the 
straight line joining his eye and the point makes with the 
horizon. 

The angle of depression of a point situated below the 
eye of the observer, is the angle which the line joining his 
eye and the point makes with the horizon. 

4. To find the distance of an inaccessible oloect upon 
a Twrizontaf plane. 




Let P be the distant object which owing to some 
obstacle cannot be reached. Let A be the place of the 
observer. Measure a base AB, the length of which call a. 
Measure the angles PAB and PBA, which suppose to be 
found to be a and fi respectively. Then we have 



AP ^ sin PBA 
AB ainAPB'^ 

h2 
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BP sin PAB 



and 



AB''fmAPB' 



8m(a+p)' 
BP=a — 



sm(a+)3)' 

/. lQgu4P=loga+log8m/J-log8m(a+)8), 
and log^P=loga+log8ma— log8in(a'>-/8). 
Thus AP and BP are known from the tables. 

5. This problem may also be solved without any an- 
gular measurement, which in the absence of instruments 
may be yery convenient. The method is due to Colonel 
Everest, who surveyed India. It is also given in Mr 
Galton*s Art qf Travel, page 287 (3rd editdon). 




Having measured the base AB as before, measure any 
length Ad in AB and an equal one Ae along AP, Then 
measure de. Similarly measure £f and Bg each equal to 
Ad or Ae, and then measure fg. 

Since eAd is an isosceles triangle, a perpendicular from 
A upon de will bisect de, 

:, de^zAdan , 
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. a I 
or am - = - 

' 2 " 



de 
2 Ad' 



Similarly Bin ^ = - ^^ 

2 2 X(^ 

Thus a and j3 are known by the aid of the taUes, and 
the problem is now completed as before. 

Mr Galton has drawn up a very ingenious table in 
which, by referring to a value of de given in one column 
and the value of fg given in another, the magnitudes of 
the angles A and B and the distances APj BP are given. 
In the table the length of the lines Ad^ ACy Bf^ Bg is sup- 
posed to be one-tentii of the base AB, 

6. To measure the distance of the summit JP of a hill 
from a point A, and the height of the hill above the hori- 
zontal plane in which A lies. 




A 



Measure a base AB of length a say. 

Observe the angles BAP (a), ABP (jS), and the angle 
of elevation PAC (y). 

Then, jfrom the triangle PAB^ we have 

suslBPA 

-. . sinjS 

or PA^a » / V/>^ « 

Now P(7=P-4 sin y, 
-4C=P^oosy; 
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which are botih in a form adapted to logarithmic compu- 
tation. 

K.B. The base AB need not necessarily in this pro- 
blem be horizontal. 

7. The distances AG and PC might have been foraid 
by measuring only two angles if AB had been measured 
along AG. 

p 




A JB C 

For by measuring PAB (y) and PBG (8) we hare 



PB=AB-^ 



smy 



sm(8-y)' 
and.-. PC7=P^ sin 8 

_ sin y sin 8 
~*sin(8-y)' . 

m^AG^AB+BG 

sin y cos 8 
sm(d-y) 



=a 



sin 8 cosy 

sin(8— y) * 



8. To find the distance between two inaccemble dtjects 
in a horizontal plane. 
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Let P and Q be the two 
objects. 

Measure a line AB equal 
to a. 

Observe the angles P^^, 
QAB, ABP, QBA, which 
call a, ^, 7, 8 respectively. 

Then from the triangle 
ABP 




PA=AB 



sin PB A 
BinAPB' 



Simdarly AQ=AB^^^, 



or PA=a 



smy 



sin(a + y)' 
sin3 



and AQ=a-^ ,ri , ^v. 
^ sin(/j+S) 

Hence in the triangle APQ we have AP, AQ and the 
included angle a given, and therefore PQ can be found by 
the method of Chap. ix. Art. 11, Case (3). 

9. Suppose that the two points P and Q are above 
the horizontal plane in which AB lies, and that the four 
points A, By P, Q are not in the same plane. To find the 
distance PQ and the vertical height of P and Q, 

Let P3f,GiV be the 
vertical heights of P 
and Q above the hori- 
zontal plane in which 
^5 lies. The lines P^, 
AQ will not meet each 
other if Q is in a dif- 
ferent plane to ^, ^ 
and P. 

Observe the angles 
PAB, PBA and the ^ 
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angle of elevation PAM. Then exactly, as in Article 6, 
the height of P3f can be found. 

Again, observe the angles QBA^ QAB and the angle of 
elevation QBN, and thence similarly QNv& known. 

PQ can de determined as in Art. 8. 

10. Hiree otjects being visible^ the places of which 
upon a map are known, to find the position upon the 
map of the place qf observation. 

Let A,B, C he the three objects visible from P tho 
place of observation, the situations of which upon the map 
are known. 

Observe the angles APB, BPC subtended at P by the 
two sides of the triangle AB, 5(7 respectively. 



Upon AB, [figs. (1) 
and (2) J on the map de- 
scribe a segment of a 
circle containing an an- 
gle equal to the observed 
angle APB. 

Similarly upon BC 
describe a segment con- 
taining an angle equal 
to the observed angle 
BPC. 

The point of inter- 
section of these two jseg- 
ments of circles will 
clearly be the position 
upon the map of the 
place of observation. 

The construction ob- 
viously fails if the quad- 
rilateral ABCP be such 
as can be inscribed in a 
drcle, i.e. if P lie any- 




Fig. (1). 




3Fig. (2). 



measuring Heights and Distances* 105 

where on the circimifereiice of the drde circumscribing 
the triangle ABC, for then the arcs BAP, BCP are arcs 
of the same drde, and we get no point of intersection to 
determine P. 



11. The distances between three points A, B, C ia^ 
horizontal plane being given from which the elevations of 
the sommit of an inaccessible object are the same, to find 
the height of the object 

Let P be the object Then 
since the elevations of P as seen 
from A, B and C are the same, 
A, B, C clearly lie upon the surface 
of a cone of which P is the vertex. 
Hence if PO be a vertical through 
P intersecting the horizontal plane 
in O, O will be the centre of the 
circle drcnmscribing the triangle 
ABC. Hence if a be the angle of 
elevation of P from A, B and C, and 
<iy by c h^ the distances BGy CA, 
AB respectively, 




0A = 



dbc 



4^/{«.(*-a)(*-6)(«-c)r 



and OP=OA\xaa, 



dbctxna 



4 \/{«. («-«)(«-&) ('-c)l 



12. Horizon. Dip cf the Horizon, dftc. 

If straight lines be drawn from an observer's eye to 
touch the surface of the earth, the circle in which the 
points of contact lie evidently forms the boundary of that 
portion of the earth's surface which is visible to him. This 
drde is the terrestrial horizon. 
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Let P be the observer's 
eye at a height h above the 
earth's surface. Draw the tan- 
gents PB, PC to the earth's 
surface. Then the circle BCD 
is the horizon. Let R be the 
earth's radius, which will be 
very large in comparison with 
h being nearly 4000 miles in 
length. Let be the circular 
measure of the angle AOB, 
which will be a very small an- 
gle, since the arc -4-B will be 
very small compared with the 
radius of the earth. 




. If t? be the length of the arc ABy 



^=1- 



Then cos^= 



OB R 



OP R + h 



'^R 



.-. (i-sin=tf)4=ri + ^^ '. 

Expanding by the Binomial Theorem, 

I — -sin2^— ^sin*^+&c. = 1— -75+ 51— &c. 
28 R R^ 

Now being small we may write 6 instead of sin 
(Chap. n. Art. 14,) or -^ instead of sin 0, without serious 



error. 



We shall then have 






'-R'-Rr^'"' 
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and -g bdng a small fraction, we may neglect -^ and all 

the other tenns of the series without introducing any 
serious error. Similarly (as will better be seen by refer- 

ence to the subjoined numerical example) ^^ may be 

//a A 

neglected in comparison with -^ and •^. Hence we 
get, approximately, 

and .'. h varies as d*. 

If PE be a horizontal line, the angle BPE^ which is 
equal to 6^ is caUed the ^dip qf the horizon.'* 

13. Suppose A to be 50 feet, to find d approximately, 
and the amount of error in the value obtained of d if 

-5^ be n^lected. 

Taking i? to be 4000 miles, by substitution in the 
formula 

d''=2Ehy 
we shall get 

<^= 55 1478*09 inches, 

which is between 8 and 9 miles. 

Now, if jT^ were retained, we should have 

d^=2Rh-2h^, 

which would give a value of d less than that we have 
obtained by a distance which is less thau an inch. 

Hence the error in d would be practically quite in- 
considerable. 

14. We might also proceed thus, 

{B-¥h)coaO=B, 
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J?— ^CQS^ hcosO 
•'•^"i-cosd TZd* 

2 

& 

.*. log 2/2 =logA+ log COS ^—2 log sin-.' 

From this formula R can be found if and h are 
known, or k can be found if 6 and i2 are known. 



^ 'N 



O 



-;i 






. K^^^ 



t5> 



t«SP 



^^^'' 



t^jSO 



(S&-t^ 



■^^ 



V 






36 



1. 



ibs 



»«*** 




J 






'i9^®5) 



'9^o»^ 



*.^9- 



^9' 



ji-*^ 



kh 



\tf^' 



'yl^e 



iflS^' 



\\,^ 



df^' 



VJp0^* 



\J0 



If^l^^^" 






^^ 



tJje 



it 



i(^ 



»ft -J 



10»»",". -^Vi!* * " «* ■«»»** 



' «t>S«^!^*** ie*"*1 rill" 












ISJOJ* 



.«dfi^ 
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3. If one French minute be taken as the unit of angular 
magnitude, what is the measure of an angle of one English 
minute? 

One English minute =^ of a degree, 

= — X ^r- of a grade, 
9 oo o ' 

= — of a grade, 
54 * 

= of a French minute, 

. 54 

= — of a French minute, 

Hence ■2— (being the ratio of the given angle which is to be 

measured to the angle which is taken as the unit of angular 
measurement) is the measure required. 

4. What must be the unit angle if the sum of* the measures 
of a degree and a grade is i ? 

Let X be the number of degrees in the unit angle, 
then - is the measure of r^. 

X 



And in i grade there are — of a degree, 

.*. -^ is the measure of 1 grade. 



loa; 
And, by the conditions. 



X IOC 



9 

10 



= 1.9; 

.'. the unit is an angle which contains 1.9 degrees. 

5. If the measure of an angle be equal to the sum of the 
number of degrees, and half the number of grades in it, what is 
the unit of angular measure? 

Let X be the number of degrees in the angle. 

Then — a; is the number of grades in it. 
9 ^ 
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The measure of the angle is therefore represented by the 

number 05+ - oc or by -^ oc. 
9 9 

Let y be the number of degrees in the unit. 

Then -^ xx ^=the number of degrees in the angle, 

" ^ 14- 
Or the unit of measurement is — ths of a degree. 

6. The measures of the three angles of a triangle expressed 
respectiyely A in degrees, B in grades, and C in circular measure, 
are numerically equal to one another ; find A, 

Let Xf yy and z be the number of degrees in the three angles. 
Then since they are the angles of a triangle, 

a;+^ + z=i8o (i) 

Now y degrees contain — y grades, 

and the circular measure of z degrees is 

z m 

or 



180 "* i8o' 

IT 

Hence, by the conditions of the problem, ' 

10 TZ , . 

"=9^=11^ • W 

Substituting in (t) the values of y and z in terms of x obtained 

from (2), we have 

ifio 
05+^-05+ — a;=i8o, 
10 X ' 



/ioir + QT+i8oo\ „ 
.*. X I J = 180, 



iSooir 



i9ir+i8oo' 
which is the number of degrees in the angle A, 

7. Eeduce 1 1^^ 47' 5 4" to grades. Ans. 1 50*^ 88^ 64'^ • 1 9 . . . 
• 8. Bedace 25* 33^ 50'^ to degrees &c. Ans. aa^ 47' 33". 
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9. Find the number of grades in 53® 4' 2 1" and in 27® 19' i". 

Ans. 588 96^ 94^^*4 and 30*^ 35^ 2 1^^ *6... 

10. Find the number of degrees in 27*^ 19^ i^^ and in 53* 4^ 2 1^^. 

Ans. 24<^ 28' 15" '924 and 47^^ 44' 16" '404. 

11. Find the number of degrees and minutes in '255 of a 
right angle. Ans. 22*57'. 

" 12. The angles of a quadrilateral inscribed in a circle, taken 
in order, when multiplied by i, 2, 2, 3 respectively, are in arith- 
metical progression ; find their values. \ 

. 12 14 22 20 « . , ^ 

I7' 17' 77' 7^ of a- nght angle. 

. 13. How many sides has a polygon which contains as many 
grades in all its angles together as there are degrees in all the 
angles of a dodecagon? Ans. 11. 

14. The numbers of the sides of two regular polygons are 
as 2 : 3, and the number of grades in an angle of one equals the 
number of degrees in an angle of the other. Find how many 
sides they each have. 

Ans. Eight and twelve. 

. 15. The interior angles of an irregular polygon are in arith- 
metical progression; the least angle is 120* and the common 
diflEerence 5®. Find the number of sides. Ans. 16 or 9 sides. 

- 16. The number of grades in an angle of a regular polygon 
is to the number of degrees in an angle of another as 5 : 3. Find 
the number of sides in each^ shewing that there are only three 
different solutions. 

/3 and 4 sides, 
Ans. J 4 and 8 sides, 
(5 ^^^ 20 sides. 

17. Find the circular measure of to" of 36^^ 15' 22" and of 
TT grades. Ans. •ooooiSir, 

•6328 nearly, 

200' 

18. Find the number of degrees, minutes and seconds in the 
angles of which the circular measures are «-+ 1 and — . 

21 

Ana. 2370 i7'44" nearly, and 3o<>o'43"-45. 
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19. If one-third of a right angle be assumed as the unit of 
angular measurement, what ntimber will represent an angle 

of 75O? Ans. ^ . 

20. Determine the number of degrees in the unit of angular 

measurement when an angle of 66*6 grades is represented by 20. 

Ans. 3 degrees. 

21. Find the circular measure of 42^ * Ans. '73303. 

22. The length of an arc of 45^ in one circle is equal to that 
of 60® in another, find the circular measure of an angle which 
would be subtended at the centre of the first by an arc equal to 
the radius of the second. Ans. { . 

23. If the unit of angle be an angle the subtending arc of 

which is 3 times the radius, what number would represent an 

angle of 45®? . t 

Ans. — . 
12 

24. One angle of a triangle is r grades, and another is 
IT degrees, find the circular measure of the third. 

Ans. TT — ^ — . 
1800 

25. Express in degrees, minutes, and seconds, the angle 
subtended at the centre of a circle of radius 5 feet by an arc 
whose length is 7 inches. Ans. 6^40' 54" 52. 

26. Shew that the length of an arc subtending an angle of 
14^29^24'' in a circle, the radius of which is 1000 yards, is 
252 yds. 2 ft. 8 in. nearly. 

27. Assuming ^=3.14159, find the number of linear inches 
in a circle the radius of which is 2 ft. 6 inches. 

Express also the length of each inch of circumference (i) in 
degrees minutes, and seconds, and (2) in grades, French minutes, 
and seconds. 

Ans. 188.4954 inches; i® 54' 35V nearly; 2* 12' 20' 'i nearly. 

28. Find the circular measure of an angle in which the 
number of degrees is equal to the number of grades in its com« 
plement. ^^ 55. 

H.T. I 
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29. The angles of a triangle are in arithmetical progresmon, 
and the numher of grades in the least is to the circular measure 
of the greatest as 30 to ir. Find the augles. 

Ans. — , - and ^;— . 
23 3 69 

30. If the unit of angle be -^^ of the angular magnitude 
determined by the complete revolution in one plane of a straight 
line, find in degrees the angle expressed by 5.09296. 

Ans. 57^29580. 

81. If with two units of angular measurement differing by 
10®, the measures of an angle are as 3 : 2, what are these units? 

Ans. Angles of 20® and 30*^, 

32. If half a right angle be taken for the unit of measure- 

ment, express the following angles : -, 4, r, 4n+-, 

2 3 

(i) in degrees, (2) in circular measure. 

33. If the circumference of a circle be divided into n equal 

pai*t9, how many of them would an arc equal to the radius 

contain ? a ^ 

Ans. — . 
27r 

34. What is the length of an arc of i® of the meridian, the 

earth being supposed spherical and its radius 4000 miles ? 

. 200ir ., 
Ans. miles. 

9 

35. Find the relation between the numbers a, hy c, that an 

angle containing a English degrees may be expressed by 5 in a 

scale of which the unit of measurement is one c^^ of the circular 

unit of angle. . , wac 

° Ans. 6 = ——. 

180 

36. Find the velocity of the earth in its orbit (supposed 
circular), the distance of the sun from it being 94,000,000 miles. 

Ans. H75? , ^es a second. 
1971 

37. The numerical measures of the angles of a quadrilateral, 
when referred to units containing i^, 2®, 3®, 4® respectively, are 
in Arithmetical Progression, and the difference of the second 
and fourth is equal to a right angle. Find the angles. 

Ans. 30®, 66^, Io8^ 156^ 
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88. What mtist be the unit of measurement, that the nume- 
rical measure of an angle may be equal to the difference between 
its numerical measures as expressed in degrees and in the com- 
mon circular measure ? . . , . i8o , 

Ans. An angle of -^ degrees. 

39. Two wheels with fixed centres roU upon each other, 
and the circular measure of the angle through which one turns 
gives the number of degrees through which the other turns in 
the same time. Compare the radii of the wheels. 

Ans. The ratio is i8o : r. 



EXAMPLES ILLUSTRATING CHAPTER II. 
1. Given tan B=Ty find sin and cos 0, 



sin ^ ^ ^ a 
-=tan^==-; 

COS^ 

.*. ain d bears the same ratio to a that cos bears to h. 

Let this ratio be X. 

Then XmnO—Of 

X C08^=&. 

Squaring and adding, 

X« (8in«^ + cos«^)=a*+6*, 
But 8in«^+cofl«d=i; 

.-. X=±V(a' + 6*); 

.-. sin^=? = =fc * 



X~ V(«* + 6«)' 



These results should be recollected. 

This same use of an arbitrary multiplier X will be found in 
Chap. n. Art. 6. 

_ _.. tan a tan Q ,. m . • ^vi 

2. If-T— r- ^=(tan»a-tan»fl)% 

Bind land ^ '^^ ' 

then 008 d= - — —. 

tana 

12 
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IHTidiiig both aides of the eqaatioa by tamo, and writbig 

» for the tatio ^ f or diortnes, we h.ye 
tana 

I n i 



sanB tantf 
I n 0080 



= (!-««)*; 



Squaring both ndes, 

i-2ncoB$+n* coB*d . 

.-. I-2«C08^+»'cO8*^ = (l-»') (r-008*^ 

= i-n*-co8*d+n*co8=^; 

.'• C08'^-2» C08^-|-n*=O, 

or (co8^-n)*=o; 

tan/? 



.•. COB^ = W = 



tana' 



3. Find the limit of when n is indefinitely 

diminiBhedl 

n nv 



The circular measure of n' is 



i8ox6o i8ox6o' 
and that of n" is 



n mr 



i8o X 6o X 6o ~ i8o x 6o x 6o ' 

mr ^ nr 

tan -^ ^ tan 



tann' . i8ox6o x t8ox6o 

IS I I I =-s 7-« » 

TO TO iSoxoo TOir 

iSo X 6o 

TOir TOir 

tan— T 7 T- tan 



, tan n" . 180x60x60 x 180x60x60 

and 18 ^^— ^-^— = -Q — 2 — z- * — ^— ^— . 

TO TO 180x60x60 TOX 

180x60x60 
Now since, when $ is Indefinitely diminished, —^ = i; 
.'. when n is indefinitely diminished, 

TOX ^ TOX 

tan— r 7^ tan 



180x60 - 180x60x60 

= I, ajDd — — -^— = f , 



TOX TOX 



180X60 180X60X60 
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.'. when n is indefinitely diminislied, the limit of 
tann' tann'^ . ir 



18 _o,^^- + 



or 



n n 180x60 180x60x60' 

61 IT 

180x60x60' 

4. Is the equation Bec^$=~—rri a possible equation ? 

5. Prove that sin* - . =■ + sin' - . - = i. 

2 a+b 2 a+o 

6. Prove that cos* - sin* = cos' - sin' 0. 

7. Find the supplement and complement of 149^ 25' 5o".4. 

Ans. 30» 34' 9" 6, - 59^ 25' 5o".4. 

8. If versin A = — , find the other trigonometrical functions. 

Ans. cos -4 = — , sin -4 = ± -^ , 
13 13 

tan -4=± — , 8ecJ. = — . 
12 12 

9. Prove that sin ^ (1+ tan ii) + cos ^ (1+ cot ^) 

=sec J. +cosec J.. 

10. Given sin9=— ^ find the other trigonometrical func- 
tions of 9. . ^ . V91 A #• . 3 

Ans. cos ^= ± -^^-^- , tan^==t-^. 

10 V91 

11. Prove that 

(sec cot ^' + (cosec tan d)' = (sec cosec ^)'. 

12. Shew that if tan ^ + cot ^=2, then sin ^+C08 ^= V^* 

13. If tan 0= - -, find the other trigonometrical functions. 

Ans. sin ^= sfc -7- , cos ^= =f -7- • 

1 4. Prove that sin' a cos' p - cos' a sin' fi = sin' a - sin' p, 

15. If versin 0=-, find the other trigonometrical functions. 

Ans. sm^=dfc^, tand=dfc^. 

3 « 
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16. If tan d= r * find the values of 



^ _. - a sin ^-5 cos ^ 

a cos ^ - 6 sin ^, — • a . -k^^^a » 

asin^ + ocos^ 

Bin?^(i + versin»^. 

I 3 

17. If tan ^+3 cot ^=4, find sin ^. -^^.i -^ or ±-r^. 

18. Eliminate d and ^ between the equations 

sin ^=m cos ^ + w sin ^, 

cos 0=m sin tft-n cos 0. 

Ans. m'+n'=i. 

19 Given cosec ^= * , find the other functions. 

3 

Ans. 8in^=5, cos^=±— , 
4 4 

tan^=±-7-» cot^=±^, 
v7 3 

sec ^=±-7-, ver8^=^ — —. 

V7 4 

20. Prove that 

tan ^ + cot ^= ^— ^ B = V(8ec'' ^ + cosec* &). 

smd cos 6 

21 . Prove that oot'' B - cos'' = cot'^ cos* ^. 

«« ^ ., ^ tan a + tan 5 . . « 

22. Prove that -r — ; — -^=tanatan^. 

cot a + cot /3 

23. Prove that 

a{sin«^-hcofi8^-3(8in*a+coB*d) + i=a 

24. Prove that 

(sin* a - sin* a sin^ ^) (cos* a - cos« a cos* ^3) = (sin* /3 - sin* a sin* p) 

X (cos* ^ - cos* a cos" /3). 

■ ^ ^ . ^ sec ^ cot ^ - cosec d tan ^ zj ^^ii 

25. Prove that ^ — =—5 = cosec ^ sec 0, 

cos a — sin 

cotaj-secac i 
26- ^ cotx =i6' 

then taiia!=±5. 



Examples illustrating Chapter IL 119 

27. If co8^=tan^, then 8ing=' ^^"\ 

28. If tan ^= — cos a, andBm^= — — ,, 

n sm/3 

in 

29. Given 8in^=moo8^=ntan^^ 

sec ^ = sin ^ + COS 0, 

shew that either sin 0= .. . -rr , or sin d=o. 

on T> XV A (cosec^+sec^' . _ _ 

30. Prove that ^ =-^ r^ = i + 2sm9cos9. 

cosec^a + sec^^ 

81. Eliminate 6 from the equations 

cosec' d=m tan d, 

sec* 0=91 cot ^. 

Ans. (mn)4=(v^m+V»)'- 
32. Prove that 

cosec 6 (sec ^ - i) + sin ^=cot ${i- cos 0) + tan ^. 

83. Prove that 

sec* e + tan* ^ = i + 2 sec' . tan' ^. 

34. If sin a=m sin )3, and tana=wtan)3y 

~»« = \/(SfT)- 

35. If tan^ + sin^=m, and tan^-8in^=», 

(m'-w^)'=i6wi». 

36. If a = sec d+ cosec ^ tan* ^ (cosec* d+i), 

6=tan ^ - tan» 6 (cosec* ^+ 1), 

then a'-6S=A 

£7. Prove that 

sin* 6 tan d + cos* ^ cot 9+2 sin ^ cos 9=tan9+cot 0, 

AA ^. i+tand <* ^ 1 . y» 1 

38. Given — - = y» find sin B and cos 6, 

i-tan^ h 

Ans. sm9= :J: > 



V{3(a* + 6*)} 
"^ V{^(a'' + 6'')}; 
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39. If tan ^=- , find the value of 

(sin d + tan 9 + seed) (cos^ + cot^ + coaec^). 

Ana. 9^. 

40. Eliminate a, h and e from the equations 

a-h cos C— c cos B=o, 
■6 - c cos -4 - o cos C=o, 
c -acoaB-h co8-4=o. 
Ans. cos' -4 + cos* -B + cos* (7+ 2 cos-4 cos^cosC7=i. 

_ tan«^ tan*^ j sin^ Bin0 , ... 

41. If 7 — 5— + 1 — 2^ = 1 and -; — =^^, shew that 
tan" a tan^p sin a sin /if 

. ^ sin a 

8in^==fc 



\/(T±cosa cosjS) * 



42. Eliminate ^ between the equations 

X y 



a sin ^ b cos d 



a sin* ^ 6 cos'* 

Ans. v(M \/(^* ~ ^y) + V(<*y ~ M V^*"^^) = ^* 

48. Eliminate p, q, 8 and <f> from the following equations : 
o= a cos + (jc - «&) sin <f>, 
P—h cos + («a - pc) sin 0, 
7= c cos 0+ (p& - ja) sin 0, 

jp*+2* + a* = i. 

Ans. a* + 6*-hcS = a*+j3*+7«. 

44. Eliminate and i from the equations 

. /sin*0 co8'0\ « . sin*t 

_ COB* sin* 



cost. 
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45. Elimiii:vte between the equations 



X y 



a an0 b cob^ ' 

X y 

•f , ' . . =0. 



aBin'^ bcoB^tf 

4 1 1 > 



46. "When 6= 30", find the value of 3 sin ^ - 2 cos* 6. 

Ans. zero. 

47. Shew that a value of which satisfies the equation 
a tan ^=cos ^ lies between iS^ and 30^. 

48. Solve the equation 

4 sin* 30® +tan" 45<> + sec* 60® =as cosec 30®. Ans. x= 3. 

49. The altitude of a tower at the extremity of a horizontal 
line measured from its foot, 100 yards long, is 30®. Find tho 
height of the tower to two places of decimals. Ans. 57.73 yards. 

50. Find the limit to which — . — - approximates when 6 is 

Bm?i^ '^'^ 

dindnished without limit. Ans. • 

n 

sin 7i" 

51. Find the value to which the ratio approximates 

as n is diminished without limit. Ans. 



648000' 



52. Find at what distance from the eye* a shilling, five- 
eighths of an inch in diameter, will completely cover the moon's 

disc, considered to subtend a degree. Ans. — - inches nearly. 



EXAMPLES ILLUSTRATING CHAPTER III. 

1 . If sin 0= a, find the sine and secant of (6n + 3) - + ^. 

«a|(6»+3)^ + ^ =Binr3nir+^'+A 
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denoting — + ^ by o, we have 

Bin (3nir+a)= ±8in a, according as n is even or odd ; 
or, sin (3nir + a) = (- i)* sina, 

and 8ina=Bin( — + ^ J = -coB^ 

= -V.(i-a'); 

.-. 8in|(6n + 3)^+^|=(-i)*+V(i-a'), 

I (-i)" (-i)* 

and sec (3»ir + a) = -. — r= ^^ =—:— o '» 

^ cos {znv + a) cos a sin ^ 

.-. Bec|(6»+3)%^|=^^:^. 

2. If tan (ir cot ^ = cot (ir tan 0), shew that 

tang=^-^?±!-^^^^^' + ^^"^^), 
4 4 

n being any integer. 

Since tan (tt cot ^) =cot (ir tan 0), 

tan (ir cot ^) = tan ( — v tan j . 

Now, since 9iir+ a is an expression including all angles which 
have the same tangent as a, ir cot may he any one of the angles 

included in the expression nv-\ rtan d. To get then aU the 

values of tan which satisfy the given equation, we most write 

ircot^=nT+ — rtan^. 
or, dividing by ir and writing - — - for cot 0, 



tans^-^^^^tan^=-i, 

2 



a quadratic equation, which gives 



tan 0= ?^?^ db ^^^^i^±i5^1^ 



3. Trace the variations in the sign and magnitude of 
sin (t cos 0) &a varies from o^ to 360^ 
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Since cob 6 can never be numerically greater than unity, 
Bin(7rco8d) will be positive or negative according as cos is 
positive or negative. 

Hence it is positive throughout the first and fourth quadrants, 
and negative throughout the second and third. 

As regards magnitude. 

When ^=o, sin (ir cus ^=8in ir=o. 

As 6 increases, w cos 6 decreases, and therefore sin (v cos 0) 
increases until ^=60®, when (ircos^)=i. 

From 0=60^ to $ = go^ sin (t cos d) decreases in magnitude, 
and when ^=90^ it is =0. 

Similarly from ^=90^ to ^=120^ it increases in magnitude, 
and, when 0= 120®, sin {ir cos ^) :^ - i. 

From d^iso*^ to ^=180® it decreases in magnitude, and, 
when 6= i8o® it is =0. 

From d=iSo^ to ^=240^ it increases in magnitude, and, 
when ^=240®, it = - I. 

From ^=240^ to 6=2'jo^ it decreases in magnitude, and, 
when ^=270®, it =0. 

From ^=270^ to ^=330^ it increases in magnitude, and, 
when ^=330*^ it =1. 

From ^=330® to ^=360^ it decreases in magnitude, and, 
when ^=360®, it =0. 

[N.B. Observe that, v and qob0 being each numerical 
quantities, ir cos ^ is a numerical quantity, and that therefore 
sin {rr cos 0) denotes the sine of the angle of which the circular 
measure is ir cos ^.] 

4. Find the sines and cosines of 240^, 300^ and 162^ 

\/^ I 

Ans. sin 240®= - -^^ , cos 240®= - - , 

8in300*^=- — , 008300"=-, 
2 2 

Bin,620=>^5zJ, eoBI620=«^^ii^±-^. 
4 4 

5. Find all the trigonometrical functions of 3480*^. 

Ans. sin 348o<'= - — , cos 348o<>= - ^ , tan 3480= <s/3- 
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6. Find the trigonometrical functions of 1845^ and 2 1 78^. 
AnB. They are the same as those of 45® and 18® respectively. 

7. Find the trigonometrical fmictions of 4356® and 3690^. 

An.. sin43s6»="^^^ii2r!V5), eos43S6»=^^^ii. 

4 4 

Ans. The functions of 3690^ are the same as those of 90^. 

8. Write down all the values of A lying between zero ajid 
db. 360® which give 

(i) sin^=8in 100^, 

(2) tan-4 = cot75^ 

Ans. (i) So\ -26o0and -280®, 

(2) 15O and - 3450, 195 and - 165^ 

9. Find the sine and tangent of ( + ^ ) in its simplest 
form. Ans. - cos and - cot 0. 

10. Find the sine and tangent of (2n^ 3) - + ^ in their sim- 
plest forms, n being an integer. Ans. dbcos and - oot 0. 

11. Find the general values of the limits between which A 
lies when sin' J. is greater than cos'^. 

Ans. Between 2nT+- and 2»ir+— , 

4 4 

2iiT+5^ and 2nir+ — . 
4 4 

12. The sine and tangent of an angle are both negative, and 
the ratio of one to the other is V^* Find an algebraical expression 

for all the angles which have this property. Ans. inv — . 

13. Prove that vers (2nir+ ^) + versin { (2n+ 1) ir - ^} = 2. 

14. If sin ^= a, find the sine, cosine, and tangent of 
Ln.^l^jr-0. Ans. (- i)"»V(i -o"), (-i)"*a, ^^^J"**^ . 

15. Express in terms of ^ all the angles of which the sine is 
-sin^. Ans. iit+(- i)*+i^. 
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16. Prove that, n being any odd integer, 

fir \ "^ 

\n{ A\ — (-i) * sin nil. 



cos 



17. Shew that all the angles which have the same sine as a 
are included in the formula nv + a cos nir. 

Find all the values of which satisfy each of the following 
equations: 



18. sin^=o. 

19. cos $= - I. 



Ans. nir, 
Ans. (in + i)7r. 



20. 8in^= 



21. cos^= 



V2 

V3 



1 



22. sin«^=-. 

4 

23. cos2^-8in«^=- 

24. tan0=-i. 



25. cot^=-\/3' 



26. sec ^=2 tan ^. 



27. sin ^= cos m^. 



28. 4-5 cos ^-3 sin* ^=o. 



(29. tan ^+ cot ^=2 sec ^. 



80. 



sin^ 



cot^=V3« 



sec 6 cot B - cosec ton 

31. s — 7-5 = «. 

cos^-sm^ 



Ans. wir+(-i)"- . 

4 


Ans. 


»n,±^. 


Ans. 


IT 

nirdbp. 




Ans. 




Ans. 


IT 

nr — . 
4 


Ans. 


TT 

nr-^. 





TIT 

Ans. wir+(-i)'*^. 

Ans. -7 — -— r T. 
2 (mil) 

Ans. 27Mr±-. 
3 

Ans. nT+ (-!)*-=. 



Ans. 2?lTdb-. 

3 



Abb. «t+-. 

4 
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. • « 3 COB . IT 

82. Bin*^=^ . Ana. «w«-±-. 

« 3 

83. 8ec'^--8ec^+i=o. Ans. 2nir± . 

« 3 

84. Trace the variation in the sign and magnitude of the 
tangent as the angle varies from o^ to 360®, by means of the 
* ' line-definition" 

35. Trace the variation in the versed sine, using the same 
method of definition. 

86. Construct the angle of which the tangent is 3 - yj2» 

87. Construct the angle of which the secant is V5 ~* >• 

Trace the variations in sign and magnitude of the following 
expressions, as varies from o to iv, 

88. sin d+ cos 9. 

89. sin B - cos 9, 

40. sin B cos B, 

41. tan 2^. 42. -=—5-. 

sma 

48. jr. 44. cos^+x/3.8in^. 

cos 

45. tan t (i + cos 0). 

46. tanir(i-co8^). 

47. acos ^- (sin ^, a and 5 being positive and h<a, 

48, ;; — i— ; — 7,, the same conditions holding. 

acos^+&sin^ ^ 

sin (it cos 0) 
cos^Tsmv) 

60. 3tan'^- io + 3cot*^. 
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EXAMPLES ILLUSTRATING CHAPTER IV. 

1. To prove that 

cos(o + /3 + 7) + co8(-a + /S + 7) + cos(-j9+7 + a) 

+ COS (-7 + a + /3)=4Cosaco8j9co87. 

RefeniDg to Cb. iv. Art. lo^ (B)^ we see that 

cos (a+ j3+ 7) + cos ( - a +/3 + 7) = 2 cos 03 + 7) cos a, 
and cos ( - /3 + 7 + a) + cos ( - 7 + a + /3) = 2 cos o cos (/3 - 7) . 

Hence, adding, 
cos(a+/3 + 7) + co8(-o+j8+7) + cos(-j9+7+o) + cos(-7 + a+/S) 

= 2 cos a X {cos (j8 + 7) + cos (/3 - 7) } 
= 4 cos a cos /3 cos 7. 

To prove the converse, we have, by Ch. iv. Art. 1 1, (C), 
2 cos a cos/3 = cos (0 + /3) + cos (o - /3), 
.'. 4 cos a cos p cos 7= 2 cos (a + /3) cos 7 + 2 cos (a - p) cos 7 

= co8(a + /3 + 7)+cofl(a+/3-7) + cos(a-p + 7) 

+ coB(-a+|8 + 7). 

2. Prove that 

cos 9-4 + 3 COB 7^1+3 cos 5^! + cos 3-4 =8 cos' A cos 6A, 

cos 9-4 + cos 3-4=2 cos 6-4 cos 3-4, 
3 (cos 7-4 + cos 5-4) = 6 cos 6-4 cos ^4, 

.'. cos 9^1 + 3 cos 7-4 + 3 cos 5-4 +cos 3-4 

= 2 cos 6-4 (cos 3-4 + 3 cos ^1) = 8 cos' -4 cos 6-4 , 
since cos 3-4 = 4 cos' .4-3 cos -4. 

m 

3. To shew that all the values of which satisfy the equa- 
tions 

sin^+sin0=m> 

COS^ + COS0 = W, 

are contained in the formula nir - a + ( - i)^p, where a and p are 
the least angles which satisfy the equations 

iana=— , 8in/S=-(«i'+n') . 

We have sin 0=m - sin 6, 

cofl0=n-oos^. 
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Squaring and adding these equations, we have 

i=wi* + »*-2 (m8in^ + nco8^) + i, 

.'. m8in^+ncoB^=-(TO*+?i^), 
.'. 7 Sin ^ + r COS ^ =- (m« + n^y, 

or cos a sin ^ + sin a cos ^= sin /3, 
or sin (9+ a) = sin /3, 
.'. the general value of ^+ o is rMr + (- i)**/?, 

or of ^ 18 HIT - o + ( - i)*i3. 

4. If tan0=yxtan 0' and d»dt< -, shew that 0-^' is a 

2 

maximum when tan <f>=\/yL, 

tan ( I ^) 

/^ ^A tan 0- tan A' \ /* / (/i-i)tan0 

tan (0 — d/j = — = mmmmmmmm^^'mmimmimm^ ^ ^ 

^ ' H-tan0tan0' tan^ /i + tan^0 

mi-' • • u tan0 

This IS a maximum when 7— is a maximum. 

/A + tan''0 

_ . tan0 

Let .. ^. =^» 
/A -!- tan'' 

Then we have the quadratic, 

tan' — tan 0= - u. 
which gives 

214 2\i 

Hence the greatest value of u^, consistent with tan having 
a possible value, is — . 
And, in this case, 

because, being less than 90^, the value 



T of 14 is inadmissible. 

2V/t* 
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5. Solye the equation 

4 cot 3^ =cot' $ - tan* 0. 

4 cot 2^=4 — : — =^ (cot ^- tan ^) : 

2 tan^ ^ 

. •. we have a (cot d - tan 0) = cot' d - tan' 6, 

and cot - tan ^ is a fSEictor of the equation. 

cot - tan 0=o gives 

tan ^= =t I, or ^=nir± - . 

4 
Again, 2 = cot + tan gives 

sin' ^ + 008'^ . ^ 

^ = — loir.^/? — ' orBm2^=i; 
^ Bin 2c/ 

.-. 2^=nir+(-i)*-, 
^ '2 

1 y. WIT , v«T 

and^= — + (-i)*-, 

IT 

which is included in the formula ^=nir±- . 



6. Having given sin 210®= — , find cos 105®. 

2 

Referring to Chap. iv. Art. 15, we have 

A A 

sin — + cos — = db ■\/(i + sin -4 ), 
2 2 

A A 

sin cos — = ±\/(t - sin -4). 

2 2 ^ ^ 

Now sin 105® is greater than cos 105° and is positive, 
and therefore sin 105® + cos 105®= +-^(1 + sin 210°) = Vi> 
sin 105® - cos 105® = + V(i - sin 2 10®) = VI' 
Therefore, by subtracting, 

cos 1050= i^. 

2\/2 

7. If cos = cos a cos /3, cos ^' = cos a' cos ft 

and tan - tan — =tan - , 
22 2 

then sin' p = (sec o - i ) (sec a' - i), 

, 2^ i-cos^ i-cosacos/3 , . ., 1 i. ^ ^ 

tan-* - = — ; = , and similarly for tan - . 

2 i+cos^ i + cosaoos/S' '' 2 

H. T. K 
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I -cos a cos /3 I - COS o' cos /3 _ j/3_T-co8i8^ 

* ' I+C080C08/3 I + COS a' COS /S"" 2~~H-C08/3* 

sec a - cos /3 sec a' - cos /5 _ i - cos /3 ^ 
''seca + co8/3 seca' + cosjS" i+cos^ * 
sec a sec o' - (sec a + sec a') cos /3 + cos' ^ __ I - cos /3 
* * sec a sec a' + (sec a + sec a^ cos ^ + cos'^/S ~" i + cos p ' 
or i8ecaseca;'co8/3+«cos'/3-a(seca + seca')cosj8=o ; 
.*. cos' j8= sec a + sec a' -sec a sec a' ; 
,•. sin' /3= I - cob' P= I - sec a - sec a'+ sec a sec a' 

= (sec a - i)(8ec a' - i). 

8. To find all the values of x which satisfy the equation 

. . 1 

cos 335 + sin 305= -— . 

Multiplying both sides of the equation by -y- , we have 

or cos- cos 335+ sin- sin 335=-, 
4 42 



or cos 



(3«i)=i'- 



X IT 

.•. the ffeneral value of 305 — is 2wt±-. 

* 4 3 

And therefore the general value of a; is 

I / X t\ 

-(2nx+-±-), 

3 \ 4 3/ 

Bn+i X 

or x±-. 

12 9 

N.B. Several general expressions for the root of a trigono- 
metrical equation ean sometimes exist. Thus, in the present in- 
stance, sin (305+-) =-=8in |nx+(- i)*^| ; 

.-. 3«+-=»'+(-i)*^* 



(4n-i)x . .^x 
ora5=— ^^— +(-i) ^. 

These expressions however are in reality in all cases equiva- 
lent, and the apparent difference is only one of form. 
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^ -« 6 sin j3 3 am 2/3 9 sin 3/3 , x, . « 

9. If — 7-rVx = / . ^x = — , . m Bhew that j8=»T. 

C08(a+/3) cos (a + 2/3) cos (a +3/3) '^ 

Putting each ratio equal to X, 

6sin/3=Xco8(o+/3) (t), 

38inaj3=Xcos(a + 2/3) (2), 

2 sin 3/8= X cos (a + 3/3) (3). 

(i) + (3) fi^ves 

6 sin /8+ 2 sin 3/3= 2X cos (o + 2/3) cos /3 (Oh. IV. Art. 10, (B)) 

= 6 sin 2/3 cos 2/3 by (2) 
= 3 sin 3^ + 3 sin /3, 
.". sin 3/8 =3 sin /3. 

Bat we know that sin 3/3= 3 sin /3 - 4 sin' /3. 

Hence sin'^=o, 

and therefore /3 = nir. 

10. Eliminate and ^ from the equations 

tan^+tan^=a (i), 

tan tan <f> (cosec 2^ + cosec 20) = ( ...(2), 

cos(^+0)=<; cos(^-0) (3). 

expanding (3), 

008 cos - sin sin 0=c cos B cos + c sin ^ sin ; 

I ~~ (/ 

.*. tan^tan0=r (4). 

^ i+c ^^^ 

Again, 

^ I sec'^ i + tan'^ 

mnce cosec 1O— — : — ~ = — - — - = — ;r- , 

2 sm ^ cos 2 tan $ 2 tan d 

we have from (2), tan (i + tan^ 6) + tan B {1+ tan' 0) = 26, 

or (tan^+tan0)(i+tand tan0) = 25; 

or a=6(i+c). 

11. Prove geometrically that cos 2A =cos' il - sin'il. 

1 2. ProV6 geometrically that tan (45^ + il ) = - — -. — oZTTx • 
1 8. Solve the equation tan (45^^ + ^) = 3 tan (45® - ii). 

4 3 

14. Provethat 3 8inil -sin3^=2sinii (i-cos2il). 

K 2 
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15. Find the least positive value of A which satisfies the 
equation tan^i + tan(45<> + J.) = 2. Ans. -4 = 15®. 

16. Solve the equation 4 sin ^ sin (^ - a) = 2 cos a - i. 

Ans. 0=- + »Mr±>. 
2 6 

17. Solve the equation m versin 0=n versin (o - 6), 

± 2n >/mn sin a sin - +{m,-n) (m-n cos a) 

Ans. cosg=— i^— ■ — — »^^^— ^^. 

m, - 2mn cos a + w* 

10 a- v*-xv • sin (a + 6) + sin (a- &) 

18. Simplify the expression —. _' 7 — '-. 

'^ '' ^ cos (a+ 6) - cos (a - b) 

Ans. -cot 5. 

19. Prove that "^° ^ f ""^^^ ^ - = 2 sin2il - i. 

sin ii + cos A 

20. Prove that sin a= 4 sin - sin sin . 

3 3 3 

21. Prove that cosec A =4 ( tan — |- cot — |. 

\ a 2; 

22. Prove that chd(^+0) + chd(^-0) = chd^.ch^(ir-0). 

23. Simplify the expression 

cos' {$ + 4)+ <508' (^ - 0) - cos 2^ cos 20. Ans. I. 

04 -D Av i. ^ cos 2-4 - 3 cos 3^ - 2 cos ^ . . 

24. Prove that -. — - = - . - . -. — -. tan-4. 

2 cos 2 J. + 3 sin 3 J. + 2 sin A 

25. Prove that 

sin 3 (^ - 15®) = 4 cos {A - 45O) cos (A + 15O) sin (^ - 15O). 

26. cot(^+jB) + tan^=^^ . ,] ^, . 

coaA sin(A + ^) 

27. Prove that 

cos (a + /3) sin j8- cos (a + 7) sin7 

=8in {a + p) cosjS- sin (a+7) 0087. 

28. Prove that 

tan (? + (?) +tan(^-e^) tan (^ + g) - tan (^ - g) 

29. Prove that 

tanM +tan« jB + cot«(i4 +5)= I +J(tan^ -tan J)« 

+ i{tan^-cot(.4 + ^}« 
+ i{tan^-cot(J+^)}«. 
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30. Prove that . / ^ x/ T . =tan(n+i).i. 
81 . Solve the equation cos 4^ + cos 2 9 + cos ^ = o. 

IX 
and ^5!^. 

32. If 8in(o-jS)=:msin(a4-/S), shew that 

cot(a + /3)=i j'?LJeot/5-'?^'tani8}. 

33. Prove that 

8m.i+sin(720+^) + sin(360-J)=8in(720-J)+sin(360+^). 

34. Prove that tan«g-tan«0="^" ^^"^^^ Bm{e-<f>)^ 

COS^ ^ COS* 

35. Prove the formnlsB 

cos* - cos* 3^= sin 4$ . sin 2^, 
I + tan* e 

36. If tan* x — tan (a - a;) tan (a + x), 

then will sin 2x=\/i sin a. 

37. Prove that sin 2 A sin ^ = cos A - cos A cos 2 J . 

38. Prove that 
{(i-c*8in*^)(i-e*sin*(^-a)} 

- {cos a - c* sin ^ sin (^ - o)}«= (i - e^) sin* a. 

on T>_ i.v A cot A tan il 

39. Prove that — — i— t + t -, — 7 7 = 1. 

cot A - cot 3J. tan A - tan 3^1 

40. Prove that tan 30 = tan ^ cot (^ - 0] cot { J + ^ ) . 

41. Find all the values of A less than 360^ which satisfy 
the equation sin 5 1 cos 3^! = sin 4A cos 4 A . 

Ans. o, 90®, 180®, 270*. 

42. (sec-4-tani4)* (cos- +sin- ) =i-sinil. 

43. Prove that sin* ^ + 2 cos a sin* 6 cos* + cos* 

= I - I sin - sin 2^ j . 
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7.0 

44. Ptoyeihat sin^+siii2^+8iii3^=4C08-co8^8in-— . 

45. If ^- a, 4*> 0+^ ^ three angles whose cosines ore in 
harmonical progression, shew that 

COS0 = v/*.COS-. 

46. If sin (a + /3) cos 7= sin (a +7) cos j8, prove that either 
/3 - 7 is a multiple of t, or a an odd multiple of - . 

47. Find 6 and from the equations 

sin ^ + sin + sin a=co8 ^ + cos + cos a, 

^+0 = 20. 

Ans. a-^=2nir± — . 

3 

48. If tan (0 + a), tan <f>, tan (0 + /3) be in arithmetical 
progression, then are also cot a, tan <p, cot /3 in arithmetical pro- 
gression. 

49. Solve the equation 

cos X . cos 33;= cos ^x cos *jx. 

nv WIT 

Ans. a?=-^, or — . 

o 4 



2 / t\ 

Ans. B—-\ nir+- J or 2»ir+ 

5\ 4/ 



50. Solve the equation 

sec29 = cosec39. 

ir 

51. Prove that 

8 sin ^ sin 2^ sin sin 20= cos (^ + 0) + cos (^ - 0) -I- COS 3 (^4- 0) 
+ COS 3 (^ - 0) - cos (3^+0) - cos (3^ - 0) - cos (^+30) 

- cos ((? - 30). 

52. Prove that 

cos* (a - ^) + cos* ^ - 2 cos (o - ^ cos ^ cos o = sin' (a - ^) + sin* $ 

+ 2 sin (a - ^) sin. cos a = sin* a. 



53. If tan^=ntan0, tan(^'^0) cannot exceed 



lyjn* 



54. If a 006 0= & cos ^. then cot — ^cot- — - = r. 

^ 22 0-6 

55. If (i +8in ^ (i +sin 0) (i +sin ^) = co8 ^ cos 0cos ^, 
shew that sec* ^ + sec* 0+ sec* ^-2 sec ^ sec sec ^=1. 
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56. Prove that 

sin a Bin/? sin (a- 13) + sin /3 sin 7 sin 03-7) + sin78ina8in(7-a) 
= sin (j8 - a) COB (7 - /5) cos (a - 7) + sin (7 - /3) cos (a - 7) cos 03 - a) 

+ sin (a - 7) . cos (j3 - o) . COB (7 - /3) 

= - {8in2(a-j8) + Bin«05-7) + sin2(7-a)}. 
4 

57. Find the valne of tan 165° from the known value of 
tan330^ Ans. VS""^- 

58. If tanii=V2 + ij fi^d cos 2^, and thence the general 
value of A. 

Ans. cos 2A= — — . 



59. Prove that sin il = 



cot COtii 

2 



tb 

60. Change 8 sin' - cos' - into additions and subtractionB. 

Ana. 2 + 2 (cos ^ - cos 0) - cos (0+ ^) - cos (0 - ^. 

A A ( A\ 

61. Prove that (chord ii)'=4 cos — versin — f t + sec — j . 

62. Prove that 

a <2 

63. Prove that i + 8 cos a cos'- = — — . 

a . a 

sin- 

2 

64. Prove that 

(2«+i cosec 2*+* o)' - (2* cosec 2*a)' - (2* sec 2*a)' = o. 

65. Prove that 



a*~i sin -— - 2**"' sin 
2* 



a « . « / . « \' 
in - — , = 2" sm — I sin — rr 1 • 

2*"^ 2**V 2*+^/ 



66. 



I. If sin I ^+- ) sin-=cofl*-, all the values of 9 which 
\ 2/ 2 2' 

satisfy this equation are induded in mv - a, where m is any odd 

integer. 
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67. Prove that 



8in^=taii-il+7Bm'-^ cot^. 

2 2 



68. Eliminate between the equations 

- = C0S^ + C0fl2^, 

a ' 

^ = sin^ + sin2^. 

9 



69. Find from the equation 

4 cot 2^= cot* e - tan' 9. 

Ans. 0=n7rJ=-. 
4 

70. Express cot 2 A in terms of cot ui. 

A J. J cot' -4-1 
Ans. cot 2A = r-r— . 

2C0til 

71. Prove that 

. 4tan^ (i -tan'^) 
■°°^= (i+tanM)' • 

72. Prove that 

tan - tan -=tan - sec 0. 

2 2 

a S 

73. If tana=my tan/3=?t, tan- tan -=c, prove that 

74. Find sin ^ and sin B from the equations 

a sin 2^ -6 sin 2^=0, ) 
asin^- &8inJ. = o.\ 



75. If cos^= i^ 7, 

a-o cos 



an^ = dka | -r -zj, — n J. 

m -B = ±6 I -7 — -^r — — p. 
acos0-& 



ism 
Ans. 

sin 
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76. Prove that 

/. /» ^ 8ec'^8eC2(? ( 860 2^ )% 

co8ec^ooBec2dcosec4^=— ^^-i—i- \ — \* » 

V (860 2^-1) 

2 8ec - 

4 

77. If sin (t cos ^ = cos (ir sin $), prove that 

sin 2^= ±(-+2m-4m') , 
m being any integer. 

78. Solve the equation 

tan (o+ ^) tan (a - ^ =tan' 2a - tan^ 26. 

^Ans. ^=»ir±a or 8ec20= ±'N/2-sec2o. 

79. If tan - = , shew that m cannot lie between 

2 tan^ + m+i 

I and - 1. 

80. If tan*-4 = 2 tan* -B+ 1, then cos 2-B=2 cos iA + 1. 

81. Prove that 

f B \* 

sin* -4 +2 cos 5 sin' ii cos'^i +cos*-4 = i - ( sin— sin iA \ . 

«« Ti. /» cosa+cosjS ., . 6 , a, /3 

82. Ifcos^= -, then tan-=tan- tan- . 

I + cos a cos p 2 22 

88. Eliminate d and ^ from the equations 

X-a , X + a B 0' 

cot^= , cot^ = , tan -=m tan - . 

/A li. 1 2 

V{At«+(\-an-X + tt 

^'' =^'^-V{M^+(X + a)n-X-« • 

84. If a;=r sin 4 (^- a) and y=r sin i(^ + a), 
shew that sc? - ixy cos a + y' = r* sin' a. 

85. Find all the values of and which satisfy the equation 

2 (sin 2^-+ sin 20) = i = 2 sin (^ + 0). 

Ans. The values are given by ^- 0=2»t± - and 

3 
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86. If oosascosjScoe^^coBjS'cos^' and 



shew that 



. <t> 
Bin a=2 sin - sin -^. 

1 1 ' 



tan-=tan-tan— . 
2 2 a 



87. If tan-=coBec^-Bin^, cob^=^^-? — ? 

2 2 

88. If cot^=cot-tan5^^^^:i^, 

2 2 4 

sin a cos /3 



then tan(ir-0)=- 



cos a + sm j3 ' 
89. Solve the equation 

sec ^+3 sec — 4Cos-=o. 
3 3 



S' 



Ans. 2»ir, 2nT±ir, 2nir±-, 2iMr± 

4 4 

90. Shew that all the valaes of which satisfy the equation 

. 9 ^ COB 3^ - - sin 3(? m 
sin^ ^ ^ +cos' ^ ^ = - 

3 3 4 

are contained in the formula 

where a is the least angle which satisfies the equation 

8ina=m. 

X IT V 

91. Prove that the tangents of -, - and — are in arith- 

3 4 " 

metical progression. 

92. If 3tana;tan3a;+i=o, then cos 2as= — — . 

2 

93. Prove that tan 5240 = (V3 + V^) (n/2- i). 

94. Prove that sin 3^ si*' ^ + cos 3^ cos* 0= cos* 20. 

« 

Q- _- cosg _ cos 2a; _ cos 335 

»! «« a» 

then sin«^ = ^"'"^^-"' . 

2 4aa 
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96. Find the value of sin 165® and cos 165^ from the known 
value of sin 330O. Ans. -^-^ , and — ^y^ • 

97. Given a=6cos(7+ccos^, 

5= c cos A+a cos C, 
c=acos^+6cos-4, 

eliminate from them (i) A and B, {2) O and c, 

lab * a b ' 



Ans. cos (7= 



«« ^» X . m'+sin'^^ ^ 

98. If tan0= J a^ tang, 

m^ + cos* u 

then sin (3^+ 0) - (3 + 4^^') sin (^ - <p) 
is zero. 

99. Express smiA-B+C-D) and cos (ii - JB+ (7- D) in 
terms of sines and cosines ot A, B, C, and D, 

100. Express (sin ^+ cos 6Y as the sum of simple sines and 
cosines. Ans. f (sin ^+ cos ^) + J (sin 3^ -cos 3^). 

101. Prove that cos 42®= 74314... 

102. Find sin 63^ Xr^y±^±2^)±2l^^ . 

^ 4V4 

103. Prove that 

sin* ^+sin* 26—- (i - cos ^ cos 3^) - - sin 3^ sin 5^. 

4 4 

104. If n angles be in Arithmetic Progression having a 
oonmion difference /3, shew that the difference of the products of 
the sines of the r^^ from the beginning and end^ and of the sines 
of the 8^ from the beginning and end, 

=8in (r'*'») /3 sin {»+ 1 - (r+«)} /3. 

,^„ _- siuii sin^ sin (7 , . -n . ^ o a 

105. If = -,— = andii + 5+(7=i8o^ 

a c 

prove that a cos ^+ 6 cos ^i =c. 
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lAft J* OOBa C0B)3 C087 , « «• 

~^ ~~«r~ ' a+i3+7=-, express 

sin a in terms of a, &, and c. 

Ans. Bin a= ; , 

20C 

107. If the sum of four angles be two light angles, the sum 
of their tangents is equal to the sum of their products taken 
three and three. 

108. If A + B-h C= i8o<> and n be an integer, prove that 
tannii+tann^+tann(7=tannii taanB tsmnC, 

109. Find the general value of a which satisfies the equation 

tana+tanma+tan9ia=tana tan na tan na. 

110. If ii+5 + (7+2>=2irandtan^, tan^, tan(7, tanZ) 
be in geometrical progression, shew that 

tan-i tani)=tan5tan(7=i. 

111. If A-\-B+ (7= 180O, cos C= i ^ , 

' ^sin^' 

and sin»ii=sin2^ + sin2(7; find A, B and C. 

Ans. ^=(7=450, 
^=900. 

112. If cos 6o<^ = sin 36^^ cos A^ 

cos 36® = sin 60® cos B^ 
cos (7= cos ii cos 5, 
there is one value QiA-^B^C equal to 90^ 

113. If a +)8+ 7+ 8= 2ir, prove that 

tanatan)8tan7tan8= tana+tan^+tan7 + tanS 

cota + cotj3 + cot7+cot5 * 

114. If -4 +5+ (7=1800, 

sin^+sin^-Bin(7 A B 

8in^+8in^+8inC7~**^2 ^^7* 

115. If ^+^+(7=i8oO, prove that 

tan— 

1 I - cos A +C0S B-\- cos 

^^± "" I - cos C^r cos A +COS B ' 

1 
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116. If ^+0 + ^=180®, prove that 

, sin' 6 -•- sin' 4> - Hin' \l/ 
2 sin ^ sin 
On the three following examples, if A+B + C= 180®, prove that 

117. Bm^e'+^) + 8in/^^ + |^ + 8m/'5+-] 

A-B B-G 0-A 

+ 1 = 4 COB COS COS , 

4 4 4 

118. cos*— +COS* — hcos'— =2 sin— cos— cos — 

2 2 2 222 

A , B C ^ A B , 
+ 2 cos— sin— cos — + 2 cos— cos— sin—. 
222 222 

119. sin'^+sm'JB+sm^(7=3cos— cos— cos — 

222 

ZA sB ^O 
+ COB ^^— cos =^— cos ^i- , 
222 

1 20. If cos 6= cot p cot 7, cos = cot 7 cot o, 

cos ^ = cot a cot /9 and ^ + + ^=ir; 
prove that cos' a + cos^ p + cos* 7=1. 
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1. To prove that cos sin"* cos sin"* x= ±x. 

Let sin~*a;=^, then sc= sin ^, 
and cos8in~*x=cos^==fc^(i-a^. 

Let 8in-i{±V(i-a5')}=0; 

and therefore ± \/( i - jc^) = sin 0, 

and cos sin~* cos sin"* x = cos <p 

= ±V{i-(i-x»)} 

2. Prove that 

cot (^+ tan-* tan^ ^) + 2 cot 2 ^. 

Let tan-* tan' ^=0, 
then tan = tan' 0, 
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cot B cot 0-1 



and cot (0-\-<fi) — 



cot ^+ cot 

cot*^-i cot'^-i 



cot^+cot»^ cot^ 



sin ^cos 

= 2 cot 2^. 

3. Solve the equation 

sin (tan"^ x) + tan (ain"^ as) = mx. 

Let sin~^x=^, or x=8in^, 

XI- A /I sin $ X 

then tan a= -77 =— Tm == ""77 — ::5v • 

And, if tan~^ x=<f>f so that a;=tan <p, 

• A— **^ _ 05 

■'''^"v(iTtii;«^~v(i+««)' 

.'. sin (tan~^a;)= .. , „. . 
Hence the equation becomes 

.*. x=o is one root, 
and also ^(i-a^+^/{i+a?)=my/{i-o^). 

Squaring, a + 2 V(i --**) = «*'(i -a^) ; 

a quadratic in y/{i - a^) of which the roots are —-^ • 

Hence ,_^^' + ^^*^^f^^*^^) 

. _m* - 2m' =F 2yj{2'ni^ + 1) - « 



TO* 



Prove that 

4. am~^ a!!=cos~iv'(i - o^. 

5. cos~^a;=sin~^V(^ ~^)' 



i 



12. OOB~^a5=2COB~ 
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6. C08~^ 05=860"^-. 

X 

7. sec * X— fsar^ ^^-^ . 

a; 

9. 8in"ifl5=taii"i-7; =r . 

10. cos~^ x= versin"^ (i - sc). 

11. co8~^ x= 2 sin"^ A / ( j , 

13. cot-i « - cot-i y = cot-i ^^t^ . 

y-x 

14. cos tan"^ sin cot~^ 05= ^ / ( ;;5 — ) . 

15. cos sec"^ sin taii"^ cos tan~^ sin cos~^ tan sin~^ x 

16. Write down the general values of 

cos~^ (sin B\ tan"^ (cot B), 

Ans. inv^ ( — ^ ) , »ir+ B, 

Prove that 

17. Bin-i5+8in-i^ = -. 

5 5 « 

18. tan-i^ + cot-i?=cot-ii|. 

5 3 i8 

1 9. sin"^ X + co8~^ X — 90®. 

20. sec-13+tan-i «V«= -tan-i^^ . 

7 

21. tan-i- = -tan-i— . 

32 5 

22. cos-i- + asin-i-=i2oO. 

1 2 
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23. If 8in(TOOs^=ooB(«'8m0), pioTe thai 

v= — Bm * - . 
« 4 

24. Find x from the eq[iuition 



tan~iaa:+taii~^(3z)=- . 

4 



x=^or -I. 



25. Prove that 



tan-* - +tan-i- + tan-i -+ tan"* |=45^ 
4 9 5 *> 

26. Solve the equation tan'^ tan"* - = - . 

* x-i X 4 

Ans. x=2, or -i. 

27. Solve the equation 

C0B~* (l - «) + C08"* X = COB-1 (X - 35^*. 

Ana. a;=o, i, or (. 

28. Prove that 

tan"* { (V^ + 1) *a^ «} - tan"* { (1/2 - 1) tan 0} = tan"* (sin 2a). 

29. Solve the equation cob-^jb + cob-* (a - x) = - . 

80. Prove that 8in-*^+Bin-i-^ + Bin-i^= - . 

81. Prove that 

. _, sc cos ^ , a; - sin , 

tan * r r^ - tan-i t-^=0. 

1 - sc sin cos 

82. If cot^=mcot(o-^), then ^=- ]a-ain-*^5^sinaL 

^ " 2 ( m+i J 

83. The only possible solution of — sin"* x=tan"*a! is 

■■_ V(Vs-i) 

where all the radicals are taken with positive signs. 

84. Prove that 

. msin^ . , sin^ 

tan"-^ — ; 2 + tan""* — ; =nT+ 6 : 

i+mcos^ m+oos^ 

where n is any integer. 
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85. If tan (n cot ^ = cot (w tan 6), prove that 



*»**./ ,\«i-._-i 4W 



e= — + (-i)«»-8m 



2 2 (2r+i)flr* 

m and r being any integers. 

86. Find the values of 

tan (tan~^ x + cot"^ sc), and sin ( sin"^ - + cos~^ - ) . 

Ans. 00 , and i, or - - , 
37. Prove that 

88. Find x from the equation 

tan-i-l--tan-i-^=^. 

X-l X+l 12 

Ans. aj==fc(i+V3)- 

39. Find x from the equation 

X x 

Be^^ — sec~i - + sec"^ a - sec'i & = o. 

Ans. a;=dba5. 

40. Find x from the equation 

vers-i (i +a;) - vers-i (i -a;)=tan-i2 V(i -iK^. 

Ans. «=-, or - i. 

2 



41. The sum of any number of angles, sin""^ 



idb 



,,, a^ + b^' 

. _, 2a6 . , ^^^ 

^^ <z^a . ft^ > «c- may be expressed in the form sm-i - , 

where m and w are rational functions of a, h, a', 6', &c. 



H. T. 
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EXAMPLES ILLUSTRATING CHAPTER VIIL 

The following logaiithmB occur frequently in the subjoined 

examples^ 

log« = -3oi03, log3=*477Hi3. 

1. Find X from the equation 12^=180, logs and log 3 
being known. 

Since 12^=180, therefore the logarithms of both sides are 

equal, 

.*. X log i2=log 180, 

logi2=log4+log3 = 2log2+log3 

= '6020600 + "47 7 1 2 1 3 

= 1-0791813, 

log i8o=log (3* X 2 X 10) =2 log 3 + log 2 +log 10 

= '9542426 + '30 10300 + 1 
= 2*2552726. 

Hence x = ^ ^^^^^^ = 2 -089 nearly. 
i'079i8i3 

2. Given itan 30® 2i'=9'7035329, 

L tan 30° 22' =9*7037486, 
find A from the equation 

JD tan ii = 9 ' 703642 1 . 

The difference for 60^' is '0002157, or, as it is generally writ- 
ten, 2157, in which case it must be recollected that the figure in 
the units' place really represents a figure in the 7^^ decimal 

place, 

andZtan^-Ztan30^ 2i'=i092. 

Hence, if a; be the number of seconds by which A exceeds 
30*^ 21', we have 

^ 1092 65520 
a;=6ox — ^- = -^^^^— = 7o-z, 

2157 "57 ^ 

Therefore A = y>^ 21' 3o"*3 very nearly. 

8. Having given 

XCO834O i8'=9*9i703i7, 
Xcos34<> 19'= 9*9169455, 
find XCO834O i8'25''. 
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The difference for 60'' is '0000862, 
and therefore for 15" it is 7^ x '0000861, 

or — 'Oooo86«, 

or 5('ooooo7i) nearly, 
or -0000355. 

Kow, since the cosine decreaaes as the angle increases, the 
logarithm of the cosine decreases as the angle increases, and 
therefore we must fyJbtrctct the difference, corresponding to an in- 
crease of 25" in the angle, from the value of L cos 34^ 18'. 

Therefore JDcos34^ 18* 2 5" =9 '9 16996a. 

K.B. The same remark about 8ubtr<icting, instead of adding, 
the difference from the logarithm of the angle next below the 
given one in the tables, is applicable to the logarithms of the 
cotangent and cosecant, since each of these functions decreaaes 
as the angle increases. Vid. Ch. vni. Art. 12. 

4. Having given 

L cosec 34® 3^'= 10*2466882, 
L cosec 34® 32'= 10*2465046, 
find A from the equation 

L cosec A = 10*2466 1 5 3. 

The difference for 60" is 1836, 

and L cosec 34® Sj'-L coseo A = 729. 

Let X be the number of seconds by which A exceeds 34^ 31', 

then 05=60-^ = ^=23-8, 

1836 306 ^ 

Therefore A = $i9 31' 23"'8 nearly. 

5. Shew that 7log~ + 61og- + 5log- + log— = log3. 

10 3 5 ^5. 

6. Find x from the equation 5^= 20, having given log 2. 

Ans. aj=i'86. 

7. Find X from the equation io*= 2. Given log 8 = '90309 ; 

also, if 4*=32, shew that x=-, Ans. fl5='30i03, 

2 

8. Find x from the equation 8*= 100, having given log 2. 

Ans. fl;='22i, 

L2 
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9. Prove that logtan^ cot^= - i. 

10. Find the logarithm of k/( l^^^^ \ 

having log 2 and log 3 given. Ans. - '0400053. 

11. Find the value of x from the equation 

(4)«»-8(4)«+7=o, 

having given log 2 and log 7 = '845098. 

Ans. x=o or 1*4. 

12. Find log, 3125. Ans. 3*494850. 
18. Given logio2 and logio 7 = '845098 ; 

find logio98 and logjooo^/^. 

Ans. 1*991226 and -'322205. 

1 4. Given log 24 = i '3802 j, log 25 = 1 *39794, 

log 26= 1-41497; 
find log 117 and log 156. 

Ans. 2'o68i8 and 2*19312. 

15. Given log2 and log5'74349i = '7591760; find i/'oSiS- 

Ans. •5743491- 

16. Given log 3 and log 4*2366 = '62 7022 7 ; 

findy». 

Ans. '00000042366. 

17. Given log 76 "563 = 1 88401 89) ^ ,- , ^ 

loi76-564=i-8840246l' fi°d log 765-637^- 

Find also the number of which the log is 3*88402 1 3 to three 
places of decimals. Ans. 2*8840230 and 7656*342. 

1 8. Given logi© 7 1 968 = 4* 85 7 t 394, diflf. for i = 60 ; 
find the value of /^('o7 19686) to 7 places of dedmals.' 

Ans. '7196858. 

19. Given log 247*63=2*3938033, 

log 247*64= 2*3938208 ; 
find the number of which the log is 2*3938134. 

Ans. «47*^357- 
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20. Given log 3'409= 'SS^^^T* 

log 3-410= -532754; 

find log 34*0926. 

Ana. 1*532660. 

21. Given log 8804 =3*9446800, 

log 8805 =3-9447294 ; 
find log 880467. 

Ana. 5*94471 30- 

22. Given logi^ 1873*8= 3*2727232, diff. for i =232 ; 

find the value of 1^/1873-8. 

Alia. 1-873816. 

23. Given L ain 32® i8'=9-7278277, diff. for i'= 1998, 

Zoos 32^ 18' =9-92699 13, diff. for i'=799 ; 
find L aine, L coaine and L tan of 32^ 18' 24'''6. 

Ana. 9*7279096, 9*9269585, 9-80095 1 1 reapectively. 

24. Given Z ain 59^^ 37' 40"= 9-9358894, diff. for to" =124; 
find A from the equation L ain ^i =9-9358921. 

Ana. ii=59®37'42"*i8. 

26. Given Zooaec 41® 26*=^ 10*1793073, 

Xcoaec4i® 27'=>io*i79i642 ; , 

find L coaec 41® 26' 30". 

Ana. 10-1792358. 

26. Given L tan 34* 5'= 9*8303492, 

L tan 34<* 6' =9*83062 13 ; 
find A from the equation L tan A =9*8305129. 

Ana. A = $4° 5' 36' nearly. 

27. Given Z cot 34® 5' = 10* 1696508, 

L cot 34® 6'= 10*1693787 ; 
find A from the equation L cot A = 10' 16945 3 r . 

Ana. 34« 5' 43''*5 nearly. 

28. Prove that log«iV=loga6 log^iV;, 

29. If P be the number of the integera whoae logarithma 
have the characteriatic p, and Q the number of the integera the 
logarithma of w^oae reciprocate have the characteriatic -q, 
prove that ,)ogP-logQ=p-q+i. 
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EXAMPLES ILLUSTRATING CHAPTER IX. 

1. If, in a triangle ABC, &=a (Vs - 1) and O^ysfi^ find the 
angles A and B. 



Since - = 
a 


■y/z-h 




a-h 


«-\/-? 




a+6~ 


V3 • 




Now tan = 


a+h 


^_«-V3 //i+co8 30®> 
« V3 V\i-co8 30®> 

V3 V U-V3/ 
_ /|(^-V3)(«+V3>| 

= ;3=tan3oO; 


A-B 

• 

1 


= 30^ 




.-. A-B-- 


= 6o». 




and A-\-B-. 


= i5«>- 




Therefore A - 


= io5^ 




B-- 


= 45^. 





2. Given 0=1900^ 6= 100^ (7=60^, determine the other 
angles of the triangle. 

Given log 3= '4771213, l* tan 57<> 19'= 10*1927506, 

Z tan 57<> ao'= 10*1930286. 

_. _ A-B a-h .0 

Since tan = =• cot— 

2 a+6 2 

^ -4-JB 1800 . o 9 , 

tan = cot 30''= -^ V3 » 

2 2000 •^ 10^^' 

.•. Z tan = 5 I0& 3 - 1 + 10, 

2 2 

=s 10*1928030. 
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A — S 
Now Xtan X tan 57® 19' =524^ 

D&fferenoe for 60"= 2780/ 
Hencei if o^ be the excess of over 57* 19', 

2780 " 

Hence —^^ = 5 7® 1 9' i I'^'S* 

2 

ana =00": 

2 ' 

.'. -4 = 1170 i9'ii''3, 

^ = 2«4o'48"7. 

3. The sides of a triangle are i, 7, ^5^ t ^^ ^® angles in 
a fonn adapted to logarithmic computation, having ^yen 

log « = '3010300, log 7 = '8450980^ 
L sin 32<* i8'4o"=972796o9, 
L sin 32<> 18* 50"= 9727994a. 

Let ^, ^, C7 be the angles subtendiDg the sides y/s^$ i* 7 
respectiyely. 

Then cos— = ^^ -^-^7— , andin this case *=4+Vi4» 

6=1, 

c=7; 

A /« 

.'. COS — = . / - ; 

2 V 7 

.', Z 008— = 41og2-41og7 + io, 

2 

=97279660. 

Now L cos 57® 41' 20"= 97279609, since 32® 18' 40" is the 

complement of 5 7^ 4 1 ' 20", 
L cos si^ 41' 10''= 972 79942. 
Diff. for 10"= 333, 

and Xcos X cos 57*41' 20"= 51. 
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Hence, if o^' be the excess of 5^<> 41' «o" over- , we have 

51 510 

aj=-2— xio=5 — = i*S; 
333 333 

or il='ii5<»22'37". 

.*. L sin JB=Z sin^ -7 (log 2 +log 7), 

and log sin^ =lofir 2 sin— cos — : 

A A 
.*. Z sin^=log3 + Xsm~+X cos 10, 

/| (Vi4H-3)(Vr4-3) |_ /5 . 

.'. X8m- = io+J(log5-log7), 

= io+i-ilog2-41og7, 

=9-9169360, 
.•. ii anil = 9'95 5.9310 ; 
.-. Z sin B= 9-9559320 - •5730^40> 

=9-3828680. 

4. 1$ A^ \i^ 10', a= 145-3, ft = 178*3, determine the angles 
of the triangle, having given 

L sin 4i<^ io'=9-8i839i9, L sin 53<> 52' =9-90722 16, 
log 1453 = 3*1622656, Xsin530 53'=9-9o73i38, 
log 1793= 3-2511513. 

Since a is less than &, there are two solutions corresponding 
to the given values (vide Ch. ix. ii, Case (2)). 

SinB= - sin -4 = ^^ sin 41O 10' r 
« 145*3 

.*•. Z sin^=log 178-3 -log 145 -3 + Z sin ^1^ 10', 
= -0888857 + 9-8183919, 
= 9-9072776. 
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The difference for 60" is 912, 
and X gin 5- jL sin 5 3® 52' =560. 
Hence, if a^' be the excess of B over 53^ 53', we have 

c x=- — 60 := 36 nearly. 

Hence -B=53°5«'36", 
or 5=1260 7' 24". 
C of course is known, because C= 1 80^ -{A + S), 

5. The cotangents of the half angles of a triangle are three 
successive integers. Prove that the triangle is right-angled, and 
find the ratios of the sides. 

ABC 

Let cot — , cot — , cot— be denoted by a; - i, x, x+ 1. 
2 ' 2 ' 2 "^ * ' 

A B 

_ « XY cot — cot I 

„ . . B .B+C 2 2 

Now, since Um — =cot = . „ ; 

2 2 ,A^.B 

cot— + cot— 
2 2 



I (a;-i)(g + T)-i _ g^-2 ^ 

!- 1+35+ I 
.•. 05= ±2. 



X X- 1+35+ I 235 ' 



Now, since - is less than 90^, x cannot be n^^ative ; 

X^ i.^ ^O 

.*. cot— =1, cot— =2, cot- =3 : 
2 ' 2 2 ^ * 

and .*. — = 45®, or ^=90^ 

, B 
, 2 tan — 

And -=tanB= ., = ■ =-, 

I - tan* - I - - ^ 
2 4 

and - = sin5=": 
a 5 

.. v(.o«v««5*4* 3* 

6. In a triangle ABC, if sin^l, sinJB, sin (7 are in Har- 
monical Progression, then i - cos A, i-coaB, i - cos C are so 
also. 

Since i-cosil=2 sin'— , 
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ABC 
we have to prove (hat asin' — . aain'— , isin'— are in har- 

monical progression. 

Now « Bin'— = 2 ' Y^ , 

. ^B (»-c)(»-o) 



« sin" — = « 



ca 



2 sin* — = 2 J • 

And therefore these are in harmonical progression, if 

he ah ica 

(«-6)(«-c)'*"(«-a)^a-6)~(»-c)(»-a)* 

or if bc(8-a)+ab{8-c)=aca{»-h); 

or if bc+ab=^2ea, 

ie. of - + - = =-; 
a c b 



or 



+^.=^' 



sin:^ sinC?' sin^' 
i.e. if sinii, sin^, sin C are in harmonical progression. 

7* li p, q, r he the length of the lines drawn from the 
angles of a triangle bisecting them and terminated by the oppo- 
site sides, then 

ABO 

cos— cos— COS — 

2 . 3 2 I I . I 

T" +— + — =- + r+-* 
p g r a e 
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. A 
__ Bin — 

Wehave j^=^'^, 

. A 
am- 
or 5i)=«--— • 
•^ Bin^ 

. A 

Bin — 

Similarly CD=p^^; 

A a=BD + CD=pmR^ /" ' + ' ^ 

2 \8m^ smCJ 



_ P 

2 COB 




2C0B — 
2 



(Bin A Bin^\ 
BmB'^B^c) 



(a a\ 



A 

OOB — 

' 2 

P 

B 

COB — 



=K^0- 



ShnUariy --i=ig+i). 



COB — 






. *• by addition 

ABC 

COB — COS — COB — 

2 . 2 2 I II 

8. In any triangle, prove that 

. D . . . c coaec A 

cot^+cotil = ^ , 

and a'Bmil+a&Bin^+acBmC7=(a'+^ + c')8inii. 
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9. In any triangle, 

Bin* — Bin' — 

' a 2 _ * - a 

6 e ~ be ' 

10. If in a triangle (a' + 6' + c") = c' (a + 6 + c), 
and sin ii sin ^ = Bin' C, 

the triangle is equilateraL ' 

11. If 

A +B-i-C= t8o®, and tan -4 : tan 5 : tan C :: v« '• V^ • \/a + \/&> 
then tan A tan B=2, 

12. In any triangle, 

. . I sin 2^ + sin 3(7- sin 2ii 

Bin il = 5 jz . 

4 cos B cos 6' 

13. In every triangle, 

, , .B . A-C 

(a+c) Bin — =6 COB . 

^ ' 2 2 

14. If in a triangle ABC, Bin A, sin^, sinC be in arith- 
metical progression, then 

A C I 
tan— tan- = -. 
2 2 3- 

15. If C08^ = r, COS0= , COB^=-— -r, 

e+y ^ a+c ^ a+b* 

L 4> yp A B C 

then tan - tan - tan -= tan — tan — tan — , 

2 2 2 2 2 2 

and tana- + tan«^ + tana^=i. 

2.22 

16. If the sides of a triangle are a' + sc+i, 2«+i, aj?- r, 
shew that the greatest angle is I20^ 

17. In any triangle ABC, 

. . ' ^A ^B a+6 + c 
(i) cot- cot- = , 

2 2 a+o—c 

\V ^ "in C+ — T— BmA +— — — sm B 
^ ' c* a* b^ 

, . A^B . B-0 . C-A 
+ 4sm sm sm =o^ 
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18. Having given one side and the opposite angle (120*^) 
and the line joming the given angle with the point of bisection 
of the opposite side, solve the triangle and find its area. 

Ans. Jf AB=Cy D the middle point of AB, CD=.d, 

'V(^)VC"-)- 

19. If the tangents of the semi-angles of a plane triangle be 
iu arithmetical progression, shew that the cosines of the whole 
angles will also be in arithmetical progression. 

20. The straight line which bisects the vertical angle A of 
a triangle divides the base into two parts which are in the ratio 
m : 91. Having given A, find tan B, 

msaiA 



tan5= 



n-m cos A ' 



21. The sides of a triangle being ci, h, c ; and 0, 0, ^ being 
angles determined bj the equations 

a h-c ^ c-a , a-h 

COS^= , COS0 = -T — , COSWs- , 

a ^ c \ 

B <h yj/ 
shew that tan - tan - tan - = db i. 
222 

22. If ACB be a triangle having a right angle at C, and 
AE, BDf drawn perpendicular to il^ respectively, meet BG, 
A C produced in E and D ; prove that tan CED=ia.n^BAC, and 
that the triangle £CI) is equal to the triangle A CB. 

23. In the triangle ABC, AC=^BC. If CD, CE respec- 
tively bisect the angle C and the exterior angle formed by pro- 
ducing AC, prove that the triangles Cj^D, ACD, ABC, CBE 
have their areas as i : 2 : 3 : 4. 

24. Three indefinite straight lines intersect va. A, B, and C ; 
any other stnught line cuts AB in C, BC in A' ^ and CA in B^ \ 
prove that the product of the areas of the triangles A'BC\ 
BCA\ CAB 

^ {A'B". BC\ C'A'^A' sin B sin C)^ 
8 sin ^ sin £ sin (7 
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25*. ABO \a 9k right-angled triangle in whicb (7 is the right 
angle. Prove the following relations : 

cossB-cosaii . A M. n 

; -. =tanii -tan^. 

sina^ 

^ COSeC lA cot J?=:r| , 

tan 2-4 - sec 2B— 7 . 

o-a 

^^ 'r„ » . . 1 J -r,^ A -n • r^ Sltt .4 + Sin -5 

26, If, m & tnangle ABC, coBAooaBsm C7= j— ■= , 

sec A *T* sec js 

prove that it is a right-angled triangle. 

, If in a triangle i + cot ( B]= r . and its 

\4 / i-tanil' 

area is equal to —, then the triangle is right-angled and isosceles. 
4 

ABC is a triangle of which C7 is a right angle. Solve the 
triangle in each of the following cases : 

28. Given a+h (equal to 5) and A, 

5 $sinil - 9oo8^ 

■A^"'' C=- — 7— 7, a=— ; j-z -7^t o=- 

Bin A .J-nr\a a . /ft r»na la a ^v\ 



27 



Bin-4 +co8^ ' yj^ cos {A - 45") ' V^ COS (-4 — 45^*) * 

29. Given a-h (equal to d) and A, 

. __ 8 ,_ ($008.4 _ $sinii 

^'^^' ^~V2sln(^-450)^ V^8in(^-45')' ^' y/2mi{A-^^^y 

30. Given h+c (equal to 5) and A, 

Ans, c= 7, 0= Scot ,4 tan— , 0= ^ . 

I + cos il 2 ' -J. 

2 008*— 

31. Given h-c (equal to 5) and A, 

h A A 

Ans. c= ■ , 6=8cot— cot^, a=5cot— . 

2sm2 — 



* The Examples from Nos. 25 to 40 inclusive are taken finom Dr August 
Wiegand's Saimdung trigonometrischer Aufgaben, 
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32. Given a+b+e (equal to S) and A^ 



Ana. c= ; — -. 7, 6: 

i+BmA + COB A 



, A / . AY 

\y/2 COB — COS I 45'' J 



OBin — 



y/2COB 



(«•-€• 



38. Given a+h-c (equal to 5) and the angle A . 

5C08^ 



Ana. c=— — 5— i—— ^— 77 , 6= 



, , A . / . A\' ^ , . A , f . A\ ' 
V2 Bin — Bin ( 45'' J 2y/2 Bin — Bin ( 45'' I 



, A 

OCOB — 
2 



V4 8m(45'-f) 

34. Given a + & (equal to 8) and the hypothenuse c. 

Aiw. Bin (45® +-4) =■- — , 

^ g+V(2c'-a» ^ 

a= •' , 

2 

^_ a-V(2c«-y) 

area=-(5+c)(5-c). 

35. Given a-h (equal to 5) and the hypothenuse c. 

Ana. Bin(il-45<^ = — , 

a=^{d+V(«c»-8«)}, 
6=^{-8+V(2c'-5>)}, 

area=-(c+5)(c-5). 

86. If the perpendicular £rom O upon the hypothenuse 
divides it into two segmentB of which ^e lengths are c^, Cg, 
prove that * a = \/ { c j (Cj + c,) } , 
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37. Cj and c, having the same meaning as in question 36, if 
Cj - Cg (equal to d) be given, and the hypothenuse c. 

88. Given the radius (r) of the inscribed circle and one 
angle A, 

Ans. b=\/2,r, ^ . ' ,a=^2,r. 



A 
sm— sm 

2 



-(««-4)' 



89. Given the radius (r) of the inscribed circle and one 

side a. Ans, 6= — ^^ , tan A = —^-7 ( . 

a-2r 2r {a — r) 

40. If 2a=hf then the radii of the escribed circles are in 
arithmetic progression. 

41 . In any triangle A BO, given A = 60^, a = ^6, b=7, solve 
the triangle. Ans. -B=45*« 

42. Given -4 =30®, a—\j2, h—2, solve the triangle. 

Ans. -B=45^ or I35^- 

43. Given -4 = 135'*, a=^, h=\/6. There is no solution. 

44. Given ^ = 135*, a=2, b=y/2j solve the triangle. 

Ans. J? =.30®. 

45. Given sin -B = '25, a = 5, 6 = « '5. Ans. A = 30° or 150^ 

46. In the case where the solution of a triangle is ambi- 
guous, if Is and I^ be the areas of the two triangles which satisiy 
the given conditions, prove that 

Jc^ + J;f^-2WooB2A g* 

A, a, and &, being given. 

47. In the ambiguous case where a, h and A are ^ven to 
determine the triangle, if c' d' be the two values found for the 
third side of the triangle, prove that 

c/* - ac' c" cos 2 A + c"* = 4a2 cos« A . 

48. Given - = -, C^6o^f find the other angles. 

Ans. il=90^ jB=3o*. 
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49. Given a= i8, 6 = 2, and (7=550, find A and B, 
log 1 = 'soios, Zr cot if 30'= 10-2835233, 

X tan 56* 56'= 10-1863769, DiflF. for i'=2763. 

Ana. ii="9«f'r"'^' 

50. If a =9, 6=7, (7=64® 12', find the other angles. 
Given log 2 = -3010300, L tan 1 1^ i6'= 9*29932 16, 

Diff. for i'=6588. 

An8. i4=69® 10' 10", 

51. Given a= 85*63, 6=78-21, C=^%^ 24', solve the triangle. 
Given log 16384 = 4-2144199, X cot 24*^ 12' =10*3473497, 

log 742 = 2*8704039, L tan 5® 45' =9 -0030066, 

DifF. for i'= 12655. 
log 67502 =4*8293166, L sin 24O i2'=9-6i27023, 
log 67501 =4*8293102, Zrcos5® 45' 15" =9-9978062. 

Ans. ii = 7i« 33' 15", -B = 60O 2' 45", 

0=67-502. 

52. If a= 1*5, 6= 13*5, C=65®, determine the other angles. 
Given log 2 = -3010300, L cot 32® 30'= 10-1958127, 

Z tan 5 1* 28'= 100988763, 

Z tan 51® 29'= 10-0991355. 

Ans. io8«58'6"-i, 

60i'53"-9. 

53. In a triangle ABC, 

if a=30, 6=20, (7=78^ findc. 
Given 
log2 = -30i03, Zf sin 39<^= 9*79887, Z cot 390=10-09163, 

j&tani30 5*'=9'39^45, -^cos 13® 53'=9'987i2> 
i;tani30 53'=9*39299, X cos 13® 52'= 9-98715, 
log 3-2412 = -51070. 

Ana. c= 32*4 12. 

54. Two sides of a triangle are 85 and 75 yards respectively, 
and the included angle is 75O. Determine the triangle, 

log 160 = 2*20412, Zrtan 52® 30'= 10*11502, 

L tan 4O 40' = 8-9 T 09. 
Ans. The other angles are 57® 10', and 47O 50'. 
H. T. M 
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55. Given that the ratio of two of the sides of a triangle is 
7 : 3, and that the angle they include is 6^ 37' 24", find the 
other angles, having given 

log 2 = '3010300, L tan 3® iS' 42"= 87624080, 

i;tan80 13' 5o"=9'i6o3o83, Ztan8* 14'= 9-1604569. 

^"' UeS^ 27' 25"'4- 

56. The ratio of two sides of a triangle is 9 : 7, and the in- 
cluded angle is 47^ 2$', find the other angles. 

Given log 2 = '3010300, 

Zrtan66o if 30"= 10-3573942, 

iitani50 53'=9-454M79* 
difierence for i'=4797. 

57. Given a=i8, 6=20, c=22, find Xtan — , 

2 

given log 2 = '30103, log 3 = '4 7712 13. 

Ans. iitanj=9'6733937. 

58. The sides of a triangle are as 4 : 5 : 6, find the angle B. 
Given log 2 = '3010299, L cos 27® 5 3' =9 '9464040, 

log 5 = '6989700, Zrcos270 54'= 9*946337 1. 

Ans. 5=55*^ 46' 16". 

59*. In a triangle ABC, given a+&=5, e, and the angle C, 
prove that 

a=5co8'-, 6=5sin*-, 

2 2 

where is given by the equation 

sin 0= d= ^^-^^— — - sec - . 

5 2 

60. is a point within a triangle ABC at which the sides 
subtend equal angles, and a, /9, 7 are the distances of O from 

« The Examples from Nos. 59 to 70 are taken from ]>r Angnst Wiegand'3 
Sannrnhkng trigonometriacher Avfgaben. 
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the angles A, B, C respectively; find the sides and the area of 
the triangle. 

Ans. The sides are ^03* + 7* + Py), 

V(7* + a' + 7a), 
V(a« + /3« + a/3), 

and the area is — (0^4-/37+70). 

4 

61. In any triangle, if a-h=d, prove that 

- . A + B 

, . . asm 

dBmA 2 

"7 . A-B aTb' ^ . A-B' 
• 2 sin cos sm 



62. In any triangle, given a, A, and a+b (equal to S), to 
solve the triangle. 

_ ^ sin — 
B-C 2 

Ans. cos = . 

2 a 

whence B and C are found easily, since ^ + C is known. 

63. Given a, A, and a-b (equal to d), to solve the triangle. 

. A 

A . ±f-U 2 

Ans. Bin =.^*— M^, &c... 



64. Given a, B, and b + c (equal to b), to solve the triangle. 

C d-a B 

Ans. tan — = -r cot — , &c. . . 

2 d + a 2 ' 

65. Given a, B, and b-c (equal to 5), to solve the triangle. 

Ans. tan — = rtan — , &c... 

2 a + 5 2 

66. Given a+d+c=3<, and the angles A, B, C, io solve 
the triangle. 

. A 

«8in — 

Ans. *— '^"■^P^^* Ac... 

a cos — cos — 
a a 

M2 
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67. If Ai, as be the segments of BC made by the perpendi- 
cular upon it from A, prove that 

68. Given a, pi the perpendicular upon BC from A, and 
also h + c equal to d, prove that 

A 'ipya 
a 5* -a' 

69. Given a, pj, and h-c (equal to 8), prove that 

tan — = , 

2 2pia 

70. Given a, & + c (equal to H), and r the radius of the in- 
scribed cirde, prove that 

A 2r 

tan — = i . 

2 d-a 

71. Given that the angle C is 120^, and that the line join- 
ing C with the middle point of il^ is t, prove that 

2\J2 

^ (3«*-4«M=F(r2f«-a* 

b — — ; . 

2'sj2 

72. Upon the altitude of an equilateral triangle another 
equilateral triangle is described ; upon the altitude of this again 
an equilateral triangle is constructed, and so on, ad iinfiniiwai. 
Prove that the sum of the areas of all these triangles is equsd to 
three times the area of the original triangle. 

73. If a, /9, 7 be the three perpendiculars from the angles of 
a triangle upon the opposite sides, then 

74. A circle is inscribed in a triangle ABCt and a, /3, 7 are 
the angles which the sides subtend at the centre of the circle ; 
shew that 

4 sin a sin /3 sin 7 = sin ii + sin ^ -f- sin C 

• Ik 

75. If A-\-B'\'C='i8o\ the expression cot^i-l--; — =r-: — -, 

'^ ein Bean C 

will retain the same value if any two of the angles A, B, Che 
interchanged. 
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76. If the perpoDdictilars upon the opposite sides from the 
angles of a triangle ABC meet in 0. 

O B, 00 00. OA OA.OB ^ 
AB.AC^ BG.BA ^ CA . CB '* 

77. On the sides of an equilateral triangle three squares are 
described. Compare the area of the triangle formed by joining 
their centres^ witii the area of the original triaugle. 

Ans. i + ~ : I. 

78. The hypothenuse (c) of a right-angled triangle ABC is 
trisected in D and B. Prove that if CD, CE be joined, the sum 

of the squares of the sides of the triangle ODE is — . 

79. If the tangents of the angles of a triangle are as 1:2:3, 
find them. Ans. i, 1, Z ^^o ^^ tangents. 

80. If an equilateral triangle have its angular points in 
three parallel straight lines, of which the middle one is distant 
from IJie outside ones by a and 6, each of its sides is equal to 



^{t±^) . 



81. If the sides <i, h, c of 9, triangle be increased in the 
ratios l\ i, rti'.i, n : i, and the angle C be thereby halved and 
the other two doubled, prove that 

82. A BCD is a parallelogram, P any point within it ; shew 

Ail PC? ^BPD . 

that : '.'iTz^ - TrFnf< ^ * constant quantity. 

tasiAPC tasiBPD ^ "^ 

83. In any triangle 

cot A + cot -S+ cot C>- (cosec A + cosec ^+ cosec C). 

84. If the sides a, 5, c of a triangle are in harmonic pro«> 
gression, then 



cos 



B^ / / siuiisinC \ 
2 ~" ^ \cos A +COS Cj ' 

85. H A, B, C be the angles of a triangle, 
8sin— sin — sin — is less than i, 
except when the triangle is equilateral. 
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86. If d and be the g^atest and least angles of a triangle, 
the sides of which are in arithmetic progression, prove that 

4 (i - cos ^ (i - cos ^) =cos ^ + cos 0. 

87. In any triangle, 

,^ A C B 

if cot — + cot - = 2 cot— , 

a 2 2 ' 

then sin il + sin C= 2 sin S. 

88. In any triangle ABC, prove that 

ABC 

cot — + cot — + cot - /TV. 

2 2 2 1 (a+o-k-cY 

A B C ~S abc * 
sec — sec — sec — 

2 2 2 

89. The perpendicular drawn from any point of a circle up- 
on a chord of the circle is a mean proportional between the per- 
pendiculars drawn from the same point upon the tangents at the 
extremity of the chord. 
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1. If 12 be the radius of the circumscribing and r«, rt, r^ r 
the radii of the inscribed and escribed circles of a triangle, then 

ra + n+re-r=4i2. 
If A=the area of the triangle 

r« + n+rc-r=A( -^ + -~ + — -) (Ch. x. Art. 2) 

\8-a 8-b 8-c »/ ^ 

+ « («- a) («- ft) - («- a) (« - 6) (» - c)} 
= V {a[3«'-2(a+6-|-c)« + 6c-|-ca+aft] 

= ^ {« [ftc+ca+oft - a^] - «* + (a+6+c)«2 

-(cib+bc + ca) » + oftf J 

= ^ { - 2**+ (a+ft+c) »»+ oftc} 
- — -4-K. 
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2. The radiuB of the drcumscribing circle of a triangle 
^^(7 is equal to 

o (a+o + c) sec— sec— sec — . 

8 ^ '2 2 1 

We have by Ch. x. Art. 5, if jB be the radius, 

a h c 



2E = 



therefore 2R=— 



bulA wiB anC * 
a + h + e 



siiiii + sin^ + sin C ' 

XT ' A , ' u ' -4 + 5 A-B 
^owsm^ -f- sin 5= 2 Bin cos 

2 2 

C A-B . A+B . C 
= 2 cos — COS : since =00'' — : 

2 2 2^2 

* A . ' -n . ' /I ^ A — B , C U 

. *. sin ^ + Bin 5 + Sin C7= 2 cob — cos }- 2 sin — cos — 

22 22 



= 2 cos 



0/ A-B A+B\ 

- ( cos Y cos ) 

2 \ 2 2 J 



\ cos — cos — COS — . 
2 2 2 



Hence 2R=. 



ABC 
— cos— < 

2 2 

ABC 

4 cos — COS — COB — 
2 2 2 



7, I / T X -4 B C 
or ic=H (a+o + c) sec — sec— sec — . 
8 '2 2 2 

3. Perpendiculars AD, BE, CF are drawn from the angles 
of a triangle ABC to the opposite sides, meeting each other in 
G. If i2 be the radius of the circumscribing circle, then 

AQ—2R COB A, 

D0=2R cobB cos C, 
EF=Rain2A, 
area ABC=iR(DE+EF+FD). 

The triangles AOE, ADC are similar. 

_ AO AC ,^ AE .AC 

he cos A 
" AD ' 
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Now AD=hsmC\ 

. ^ C C08 A , T» 

.•. AO- —r-jz and 2R= 
.'. A0=2R COB A. 



sin a' 



Again, DO—AD-AG^hsaiC-iRcosA 

= 2R {em B sin C+coa(B+ C)} 
= 2R cos B cos C, 

Since a circle can be described about the quadrilateral APGE, 
we have 

EF.AG=EG,AP+OP,AE. .(i). 

Now AG= 2R cos A, EG= 2R cos A cos C, 
AF= h cos A = 2R sin 5 cos -4, 
GF= 2R cos -4 cos B, 
AE=c cobA = 2R Bin. C cob a. 

Substituting these values in (1) and dividing by 222, we have 

EF cos il = (cos'ii cos C sin B+cob* A mnC cos B) 2R 
= 2RcoB^A sm(5+C7); 

.*. J^^=2i2 sin iicos^=jBBin2il. 
Again, 

DE+EF+FD=R (sin 2-4 + sin 25+8in 2(7) 

=4-8 sin u4 sin -B sin C [see Ch. vn. (B)], 

.'. iR{I)E+EF+FI))=2R^ BinA BinB sin (7 

= ^cib bvdlC 
= the area of the triangle ABC, 
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4. If the areas of a regular pentagon and decagon aire equal 
to each other, the ratio of their sides will be ^^20 : i. 

Let CAB be one of the five equal ^ 

triangles of which the pentagon is com- 
posed. AB-x, Draw the perpendi- 
cular CD to AB, 



ITT 




The angle ACB is -- , 

5 

w 
and therefore angle ACD is - . 

5 

The area of the pentagon is $^ACB or e^AD.CJ); 

XX .IT «* .If 
/. the area of pentagon = 5 -• - cot - = 5 -- cot - . 

Similarly, the area of the decagon, if y be the length of each 
of its sides, will be 

10— cot — ; 
4 10 

IT IT 

therefore we have 10 y' cot — = 5*^ cot - , 

10 5 

_ 1 tan- 
as' 5 

^^ -9 = ■ " f 

«» TT 

* tan — 
10 

4 
"i-tan*i8«' 

Now sini80=^>^^^^; 

4 

10 4 

... x-tan«i80=i-^^^-^^^^ ^s/sW^ 



Hence -s = « V5 = ^o> 



2 



SB 4/ 

or - = iJ20. 

y 
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5. Prove that 

nii(a+/?) sm(/3+7)=8ina8]]i7+8in/lrin(a + ^+')r), 

and applj ibis formula to shew that the rectangle undo' the 
dtagooak of a quadrilateral inscribed in a drde is equal to the 
sum of the lectaugles under the opposite aides. 

sin (o +/9) sin (/3 +7) =^{cos (o -7) - cos (o +2^+7)} 

=i{cos (o -7) - cos (0+7) + 008 (0+7) 

-COS (0+2/5+7)} 

=Bina 8in7+8in^ 8in(a+/3+7) (i) 

[Ch. IV. Art. 11, (B)]. 

Now let ABCD be a ^ 

quadrilateral inscribed in a 
circle, the centre of which 
isO. 

Let R be the radius of 
the circle. 

Denote the angles AOB, 
BOC, COD by 2a, 2/3 and 
27 respectively. 

Then, since a perpen- 
dicular from iipon any one 
of the sides of the quadrila- 
teral bisects it, we have 

AB=2R sin a, BC=2R sin/S, CD=iR sin 7, 

i>u4 = 2/2 sin { T - (a +/3+ 7) } = 2i2 sin (a + /3 + 7). 

A nc 

Similarly, AC=iR sin - - = 2i2 sin (a + /5), 

^2>=2i2 8in:?^ = 2i2 8in03+7). . 

Hence, from formula (i), by substitution, 

ACxBD^ABy^CD+BCy^AD, 

6. Two tangents intersecting in A are drawn to a circle the 
radius of which is r. Between these tangents and the circle, 
another circle is inscribed; then another is inscribed between the 
same tangents and this last circle, and so on ad infinitum. If a 
be the distance from A of the centre of the original circle, shew 
that the ratio of the sum of the areas of all the other circles to 

the area of this circle is ^ . 

4ar 




Examples illustrating Chapter X. 171 



AO=a, 

OB=r. 

Let Oi be the centre of the first 
circle inscribed, r^ its radius, and 
denote -4oi by Oj. 

Then, by similar triangles, 
Ao^hi, AOB, 

^ -^ ^^ -*. <^-(n + y) . 
'^^^'^•lO-*^- a ' 



.'. ri=r. 



a-r 




Similarly n=ri^5l_!i =r. ( ^ ) by substitution. 
Similarly r8=r^^^^j . 



Denote by X, 

a + r '' 



then the sum of all the areas of the circles is 



X« 



Hence, the required ratio 

/g-ry 
_ X« __ \a+»'/ _ («-*')* 



4ar 



7. If ^, ^1, A^f A^ be the areas of the four circles which 
touch the ades of a triangle, A being that of the inscribed 
circle. 



III 



s/A V^i V^fl V-^a' 
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8. ^ If a polygon of an odd number of sides (in+ 1) be in- 
Rcribed in a circle and a diameter be drawn from one of ite angles 
{P) meeting the opposite side {AB) in Q, then the line PQ is 

i^^cot--^,. 

9. A BCD is a quadrilateral capable of being inscribed in a 
circle, shew that 

ACmiA=BDsmB. 

10. The sides of a quadrilateral inscribed in a circle taken 
in order are %, 3j 4> 4 > ^i^^ ^^^ a^^*^ aQcI the radii of the inscribed 
and circumscribed circles. 

Ans. area =12, rad. of circum. circle =5, inscrib. = — . 

7 

11. If r, / be the radii of the escribed circles touching ex- 
ternally the sides of a right-angled triangle which are adjacent 
to the right angle, the area of the triangle is equal to r/. 

12. ABCDEF being a regular hexagon, and AC, BD, CE, 
DF, EA, FB joined and meeting in a, b, c, d, e, /; shew that 
dbcdef is a regular hexagon and that its area is one-third of 
ABCDEF. 

13. If a, j8, 7 be the distances of the centre of the inscribed 
circle of a triangle from the angles, and ro, r^, Vc be the radii of 
the escribed circles, prove that if 

« _ I I 

then Ta, Th, Te are in arithmetical progression. 

14. If the radii of the escribed circles of a triangle be in 
arithmetic progression, the tangents of the half angles are in 
arithmetic progression. 

15. If the radii of the escribed circles are in harmonic 

progression, 

A^ » ,B 

cot — hoot — = 2 cot — . 
22 2 

16. A triangle ABC is described about a circle, and any 
three triangles are cut off by tangents to the circle. If r^, r^ r, 
be the radii of the circles inscribed in these three triangles, then 
the sum of the areas of the triangles is 
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17- Prove thai, if the nditis of the drcnmscrihuig cirde of 
a triangle be equal to the perpendiciilar drawn from one of the 
angles on the (^vpoeite wd^ the product of the Bmes of the angles 
adjacent to that aide is |. 

18. If j»|f JO, j», be the perpendicolais from the angles of a 
plane triai^le upon the opposite skies, r the radius of the in- 
scribed drdey and r«, th, reUiose of the escribed circles, prove tha( 

I I I 1 ,r I I 
— + — + —=- = - + - + — . 
?i Pa Pb r r^ Tk re 

19. With the same notation as in the last question, prove 
tbat ^j,^3=v___ . 

20. A circle is inscribed in a triangle and another triangle 
formed bj joining the points of contact ; within this latter tri- 
angle a circle is inscribed and anothor triangle formed as before, 
and so on oontiniially. Shew that the triangles thus £>rme<.l 
ultimatelj become eqoilateraL 

21. The area of a triangle ABCia 

JZr(sin^+8in^ + sin (7), 
R, r being the radii of the circumscribed and inscribed circles. 

.22. If lines be drawn from the angles of a triangle ABC to 
the centre of the inscribed circle, cutting the drcomf erence in the 
points D, Ey F; shew that the angles 2>, E, F, of the triangle 
formed by joining these points, are respectively equal to 

y-F^ w+B -r+C 

4 ' ~4~' 4 " 

23. The area of the triangle, of which the centres of the 

escribed circles are the angular points^ is — , where r is the 
radius of the inscribed circle. 

24. Three circles are described, each of which touches one 
side of a triangle and the other two sides produced. If D bo 
the point of contact of the side BC, E that of AC, and F that of 
ABf shew that 

AE=BD, BF=CE, CD=AF. 

25. Prove that ^/(rranre) =the area of a triangle ABC, 

26. Two similar triangles have a common escribed circle 
touishing sides not homologous a^, 6, ; shew that 

«! :a2= -sin^+sin B + tanC : sin ^ ^ sin J? + sin C 
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27. If a, /3, 7 be the distances from the angles of a triangle 
ABC to the points of contact of the inscribed circle, the radios 
of the circle is equal to 



/_og7_\i 
Va+iS + T^ • 



28. If a, /3, 7 be the distances of the oentre of the inscribed 
circle from the angles of a triangle ABCj and r the radius of the 
circle, then 

aa'+6fl* + C7'=a5c, andr=- ^^(a + 6 + c). 

•^ 2 abc ^ ' 

29. With the same notation as the last question, prove that» 
if jR be the radius of the circumscribing circle^ 



T _£_ ^ * — ' ( 4^\ 



30. With the same notation shew that 
o* iS* 7* i^dbc 



63c8 ^ <j^<? ^ M^" (a + b + c)^' 

31. If in a circle any chord MN is drawn parallel to the 
diameter ^^ in which any point P is taken ; then 

AP^ + PB^= PM^ + PN\ 

32. If p, q, r be the lines drawn from A, B,Cy bisecting 
the angles of a triangle ABC and terminated by the circumfer- 
ence of the circumscribed circle, then 

p cos — hffcos — + rco8— =a + 6 + c. 

33. Oa, Ob, Oc are the centres of the escribed circle of a 
triangle, of which the area is ^. If ^' is the area of the triangle 
OaQbOc, shew that 

/^AA' = (a 4- 6 + c) ahc. 

84. If the middle points of the sides of a triangle be joined 
with the opposite angles, and R^, R^, R^...kG, be the radii of 
the circles described abuut the six triangies so formed ; r^, r^, 
r3...&c. the radii of the circles inscribed in the same; prove 
that 

R.R^R. = RgR.Rg, and also that - + — +- = - + - + -• 
* ' * " r^ Ta r^ r^ r* r. 
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35. If 12 be the radius of the circumscribing circle of a 
triangle ABC, 

acoB A + b COB B + c COB C=4R Bin A sin J? sin (7. 

36. If A\ B^, (7 be the feet of the perpendiculars from the 
angle of a triangle ABC upon the siJes, prove that the radius of 
the circle circumscribing the triangle A'B'(f is half that of the 
circle circumscribing ABC. 

37. A circle is described about a triangle ABC, and a new 
triangle formed by joining the points of bisection of the arcs sub- 
tended bj the sides of ABC, Shew that the sides of the triangle 
are 

a h c 




ABC 
and that its area : area of ABC :: i : 8 sin — sin — sin — . 

2 1 'i 

38. A hexagon is inscribed in a circle of radius r and the 
alternate angles are joined, the joining lines forming another 

hexagon. Prove that the area of this last hexagon is ^ r*. 

39. If a, p, y be the distances between the centres of the 
escribed circles of a triangle ABC, prove that 



r»nr„ 



= ;r sin ii sin jS sin (7. 



o^y 8 

40. Compare the radii of the circles in EucHd*s figure 

(Book IV. Prop. lo), and shew that Tn"*"'»7'~^» ^ being 
the point which divides AB, 

Shew also that the areas of the circles are as 5 + V5 * ^« 

41. The sides of a triangle are in arithmetical progression, 
and the distance of the centre of the inscribed and circumscribed 
circle is a mean proportional between the greatest and least ; 
shew that the sides are as the numbers 

42. From the arc AB ol k circle of which the centre is 0, 
AC '^A cut off equal to the sine of AB, shew that the sector 
COB = segment A CB, 

43. AB, AC are the chords of arcs of 60^ and 90® in a 
circle of which the centre is ; shew that if AB and OC be pro- 
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duoed to meet in D, the arc of which the chord is equal to DC 
has its cosine and chord equal. 

44. If , in a regular polygon of n sides, straight lines be 
drawn from the extremities of a side (a) to those of any other 
side, so as to cross each other; shew that the locus of their inter- 

section is a circle of which the radius = - cosec -— . 

45. a and a' are homologous sides of two similar triangles 
described, one about and the other within a circle. Prove that 

a' . A , B , C 
— =4 sm — sm - sin — . 
a 2 2 1 

46. From the extrenuty A of the diameter ACB of a semi- 
circle of which C is the centre, a line AP is drawn dividing the 
area of the semicircle into two equal parts. If 9 be the circular 
measure of the complement of PCB, prove that cos 6=^0, 

47. A triangle ABC is inscribed in a circle, and from A and 
C lines are drawn bisecting these angles and meeting the circum- 
ference in a and c. Shew that the line ca is divided by AB, CB, 
into segments which are in the ratio 

. ,C7 , A , B . , ^A 

sm' — : 2 sm — sm — sm — : sin' — . 

2 2 2 2 2 

48. If 12 be the radius of the circumscribing circie of a tri- 
angle, and pif p3, Pb the perpendiculars from its centre upon the 
sides, 

jRS - (|?i« +p2^ +p3^ R - ip^pm = o. 

49. From the extremity B of the radius AB oi tk circle, a 
straight line BC is placed in the circle =^ (radius); from C another 
straight line is drawn bisecting AB and is produced to the cij- 
cumference: compare the areas of the triangles formed by 
joining its extremities with A and B, 

If the angles thus formed at ^ be ^ and 0, {d< 0), shew that 
cosec +cot ^ -f 3 cot (^-f ^) =o. 

Ans. . / — . 

V 27 

50. A quadrilateral is described about a circle, such that 
the sides adjacent to one of its angles are equal to one another. 
A circle is inscribed in the triangle formed by the bisectirg 
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diameter of the quadrilateral and the two unequal sides : shew 
that if rj be the radius of this circle, r^ that of the first, and 25 
the length of the other diameter of the quadrilateral, 

I I _i 

51. ABC is a triangle inscribed in a circle, and the tangent 
at A meets BC produced in P, find PA in terms of the sides. 

Shew also that if Q, and R be the points of intersection of the 
tangents at B and C respectively with A C and AB, then 



pa'^Wqb' 



Ans. PA= "^' 



62-c«' 



52. A polygon of in sides, n of which are equal to a and 
the remaining » to 6, is inscribed in a circle ; shew that the radius 
of the circle is 







h^)- 



63. If the angle AoftL triangle ABC be joined to the centre 
of the inscribed circle and also to that of the circle touching BC 
and AB, AC, produced, find the ratio (ri) of these two joining 
lines. If Ts, r, be similar ratios with respect to B and C, shew 
that 

ri + ra + r^=zi. 

54. If r„ Ti, r« are the radii of the escribed circles of a tri- 
angle, prove that 

55, Three circles (radii 9*1, Va, Tq) touch each other, Oi, O9, O3 
being their centres, and the point where their common tan- 
gents at the points of contact meet. If GOi=Pi, G02=p2, 
OOz=l>a, and Jl be the radius of the circle circumscribing the 
triangle OiOaOsj prove that 

pip^=^ . 

f 1 + Ta + Ta 

H. T. N 



178 Examples illustrating Chapter XL 

50. Three circles whose radii are r^, r,, r,, toach one 
another externally. Then one of the sides of the triangle made 
by joining the points of contact 

^ Its are.= .(n r, ri,'' j^^ (^r^irj^^ ' 

57. Each of three circles within the area of a triangle 
touches the other two^ touching also two sides of the triangle : 
if a be the distance between the points of contact of one of the 
sides, and &, c be like distances on the oti^ier two sides, prove 
that the area of the triangle, of which the centres of the circles 
are the angular points, is equal to 

i (6V+ (?a*+ a«6«)*. 



EXAMPLES ILLUSTRATING CHAPTER XI. 
ON HEIGHTS AND DISTANCES. 

1. Two towers stand on a horizontal plane 144 feet apart 
A person standing at tiie foot of each tower observes the angle 
of elevation of one tower to be double that of the other, but 
when he is halfway between them, the angle of elevation of one 
tower is the complement of the angle of elevation of the other. 
Shew that the heights of the towers are 108 and 48 feet respec- 
tively. 

2. A fortress was observed by a ship at sea to bear E.N.E., 
and after sailing four miles to the East it was foimd to bear 
N.N.E. Shew that the distances of the fortress from the ship 
at the first and second observations respectively were 

yJ(i6 + %\/'i) and V{i6 - 8 V«) nulea. 

8. The length of a road in which the ascent is i foot in 5, 
from the foot of a hiU to the top, is 1} miles. What will be 
the length of a zigsag road in which the ascent is i foot in 
12 1 Ans. 4 miles. 

4. The angular elevation of a tower at a place A due S. 
of it is 30^; at a place B, due W. of A^ and at a distance 



J 
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a from it, the eleyation is i8^ Shew that the height of the 
tower bj 

a 



V( V5 + 2) • 

5. At each end of a horizontal base, measured in a known 
direction from the place of an obseryer, the angle which the 
distance of the other end and a certain object subtends is 
observed, and also the angle of elevation of the object at one 
end of the base. Find the height of the object. 

If a be the angle of elevation, j8, 7 the other two angles, 
a the length of the base, then the height of the object is 

a sin a sin /3 

"8in(/3 + 7r' 

6. The angular altitude and breadth of a cylindrical tower 
are observed to be a and ^ respectively, but at a point a feet 
nearer to the tower they are a' and ^, Find its height and 
circumference. 

Height = — -—. . 

cot a - cot o 

/ ' P ' ^ 

Ans, ' sm-sm — 

Breadth = 20 . ■— ^— — . 
. P . p 
sin — - sm - 
2 2 

7. A person, wishing to know the height of an inaccessible 
tower, measures equal distances AB, BO in a horizontal line, 
and observes the angles of elevation at ^i, ^, (7 to be 30^, 45^, 
and 60^ respectively. Find the height of the tower and its dis- 

8. A circular ring is placed, in a vertical plane through the 
sun's centre, on the top of a vertical staff, the height of which 
is eight times its radius ; and the extremity of the shadow of the 
ring is observed to be at a distance from the foot of the staff 
equal to the staff's height. Determine the sun's altitude. 

Ans. tan~^ - . 
3 

. 9. A tower 51 feet high has a mark at the height of 95 
feet from the ground ; find at what distance the two parts sub- 
tend equal angles to an eye at the height of 5 feet from the 
ground. 

Ans. 160 feet. 



i 



tance from the Kne^^. ^^^_ J^.AB^aA^AB. 
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10. A penKm on a lerel plain, on idiidi atanda a tower 
BQimoinited by a spire, obeerres that when he is a feet distant 
from the foot of Ihe tower, its top is in a line with that of a 
moontain. From a point further from the tower by a distance 
h feet, he finds that the spire snbtends at his ^e the same angle 
as before, and has its top in a line with that of the mountain. 
Shew that, if the height of the tower above the horizontal plane 
through the obsenrer's eye be e feet, the height of the mountain 
above that plain will be 

-i rfeet. 

11. A person observes the angle of elevation of a mountain 
to be 30^, and, approaching 600 yards nearer, to be 60®. Eind 
its hoght. 

Given log3 = '477i2, log5i = i'7o757* 

log 52 ^171600. 

Ana. 519*6 yards. 

12. A, B, O are three inaccessible points upon a horizontal 
plane. D and E are points in the sides of A By AC produced ; 
J)E is measured and found equal to a. The angles BI>E, CDE, 
DEB, DEC, being measured, are found to be a, /3, 7, d respec* 
tively. Find the mutual distances of A, B and C. 

AC=za sin8flin(a-/3) 

sin(/3 + 5)8iu(a + 5)' 

^ sing sin (8-7) 
sm (a+ 7) sm (o + 0) 

BC is also at once determined. 

18. The shadows of two walls which run at right angles to 
each other, and which are respectively a and a' feet high, are 
observed when the sim is due S. and found to be 6 and 1/ feet 
broad respectively. Find the sun's altitude and the inclination 
of the first wall to the meridian. 

Sun'. iatitude=oot-i ^\ g)' + (^y j . 

The inbUnation of the wall to the meridian is oot~^ -yr . 

14. A person stationed on a promontory first observes a 
ship at a point due N. of him ; in a quarter of an hour it bears 
due E. ; and after another quarter of an hour disappears at the 
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S.E. point of his horizon. Kequired the oonrae which the ship 
was steering; and to shew that it was nearest to the obserrer 
13 minates after he first saw her. 

Ans. An angle tan~^ - to the East of South. 

15. A clond is observed due S. at an elevation of a^, and 
after an interval it is observed in the S.W. at the same eleva- 
tion. Assuming it to move in a straight line parallel to the 
horizon^ find the direction of its course. Ans. W.N.W. 

16. The angular elevation of a tower at a place A due 
south of it is a, and at a place ^ due west of A^ and at a dis- 
tance a from it, the elevation is /3. Find the height of the 

tower. . a sin a sin /3 

Ans. "^ 



V{8in(o+/3)8in(a-/3)}' 

17. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane on which it stands. Find the Sun's 
altitude, 

log « = '30103 L tan 63® 26'= 10*3009994, 

X tan 63O 2/= 10-3013153. 

Ans. 63® 26' 5''. 81 nearly. 

18. A stick lying on a slope makes angles a and /3 with the 
vertical and with the horizontal line drawn on the slope ; shew 
that the inclination of the slope to the horizon is 

. .cosa 
sm-i-^—r. 
8m/3 

19. To find the length of an inaccessible wall an observer 
placed himself due south of one end of the wall, and then due 
west of the other end, in such positions that the angle $ which 
the wall subtended at the two stations was the same, the dis- 
tance of the stations being a. Shew that the length of the wall 
was a tan 0, 

20. The angles of elevation a, j8, 7 of a mountain above 
three points A, B, C m. the same horizontal line are measured, 
the distances AB, BO being a and h respectively, shew that its 
height is 

J o^(a+J) )4 

}acot»7+6cot*a-(a+6)cot«/3i ' 

21. A person standing on the sea shore can just see the top 
of a mountain, the height of which he knows to be 1284*80 yards. 
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After ascending yertically to the height of 3 miles in a balloon, 
he observes the angle of depression of the mountain's summit to 
be 1^ 15'. Find the earth's radius and the distance of the moun- 
tain from the first place of observation. 

Given log 3 = '477 1-2 1 3 cot 2® 1 5' = 1 1 '405 7 168, 

log73= T*863229 log 7986-4= 3*9023533, 
log 76*3551 = i'882838i. 

. I Distance =76*3551 miles. 

(Earth's radius = 3992*835 miles. 

22. The Peak of TenerifFe is 2^ miles high, and the angular 
depression of the horizon from its summit is 2® 1^4/'; find the 
eaith's diameter. 

Given log 2 = '3010300 L cos 7.^ 2'=9*9997265, 

Zsin i<> = 8*2418553 L cos 2^ i' = 9*9997309, 

L sin I® i'= 8*3490332 log 79646=5*9011640, 

log 79647 = 5*9011694. 

Ans. 7964 miles nearly. 

23. Solve the previous question also by the method given in 
Chap. XI. Art. 12. Ans. 7963*6 miles. 

24. A staff one foot long stands at the top of a tower 200 
feet high. Shew that the angle which it subtends at a point in 
the horizontal plane f 00 feet from the base of the tower is 6' $1" 
nearly. 

25. Two chimneys are of equal height. A person standing 
between them in the line joining their bases observes the eleva- 
tion of the nearer one to him to be 60^. After walking 80 feet 
in a direction at right angles to the line joining their bases, he 
observes the elevations of the two to be 45^ and 30^ respectively. 
Find their heights and the distance between them. 

Ans. Height=40\/6 feet. 
Distance = 40 ^2 (i + V7). 

26. The height of an inaccessible object being required, its 
angles of elevation (a, /3, 7) are taken at three points in the same 
horizontal line. If a and a' be the distances between the ex- 
treme points and middle point of observation, find the height of 
the object. 

Answer: 

\aa'{a + a')}i 



sinasin/3sin7 



{asin*a8in03-7) sin(^+7)+ a'sin27sin(/3-a)sin(/3+o)}* 
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27> From a point on a hill side the angle of elevation of the 
top of an obelisk on its snmmit is observed to be a, and, a feet 
nearer to the top of the hill, to be ^ ; shew that, if A be the 
height of the obelisk, the inclination of the hill to the horizon 
at the lower place of observation will be 

Aa sinasin^) 
'^" (A sin (/3-a)r 

28. A person standing in the valley between mounts Ebal 
and Grerizim, observes the elevation of Ebal to be 50^ : he then 
ascends moant G«rizim to the height of a 1000 feet, and at that- 
point finds that the angle between his previous station in the 
valley and the summit of mount Ebal is 50^, while the angle of 
depression of his previous station is 28® 58^. Find the height of 
mount Ebal^ all the observations being taken in the same vertical 
plane. 

L sin 50® = 9'884a540, 
L sin 28® 58'=9-685iT5i, 
log 2-501 = -398 1 137, 
log 2-502 = -3982873. 

Ans. 2501*94 feet. 

29. An observer stands so that the top of one tower is just 
in a line with the top of another, his distances then from the 
bases of the two towers being h and a respectively. He then 
walks in the horizontal line joining the bases of the two towers 
until the elevation of the top of the nearer tower is double that 
of the other. If his distance from, the nearer tower then is c, 
shew that the heights of the towers are 

An8.^j(a-6+c)(a-6+c-^)j* 

and |(a-6+c)^a-6 + (j-^V*. 

30. A person Walking on a straight road observes two ob- 
jects P and Q in the same straight line with himself, and mea- 
sures the angle (a) which their direction makes with the direction 
of the road. After having walked a distance (a) he finds they 
subtend the same angle at his eye, and at a farther distance (a) 
that they again subtend the same angle (a) at his eye. Find the 
distance PQ. 

Ans. PQ=>. . 

o cosa 

81. Two posts ABf CD are placed at the edge of a river at 
a distance AC equal to AB, the height of CD being such that 
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AB and CD subtend equal angles at E, a point on the other hank 
exacUy opposite to A : shew that the breadth of the river is 

AB* 
-^{CD^ - AB*) ' 

82. The three segments AB, BC, CD d£ tk straight line AD 
«nbtend respectively angles a, /9, 7 at a point E without the line. 
If AB=a, CD=b, shew that if BC=x it is determined by the 
equation 

am 7 Bin (/3- 7) 

83. On the bank of a river there is a column 200 feet high, 
supporting a statue 30 feet in height : the statue, to an observer 
on the opposite bank, subtends the same angle as a man 6 feet 
high standing at the base of the column ; dhew that the breadth 
of the river is 107 feet nearly. 

84. At one end of the level embankment at Portmadoc, the 
elevation of the top of Snowdon is observed to be 5® 2$', and the 
angle subtended by its summit and the other extremity is 93^ 22'. 
At the other end of the embankment (li miles off) the angle 
subtended by the top and the first station is 75^. Find the dis- 
tance of Portmadoc from Snowdon, and the vertical height of 
Snowdon in feet. 

Zsin 75^=9*984944 log 15 = i*i76o9i. 

Lsin 1 1^38'= 9-304593 log 67-83 =1-831422. 

Zcos 50 25'= 9-998056 log 67-82 = 1-831358. 

L sin 50 25'=8-974962 log 7i*54= ^ '854549- 

log 71*53 = 1*854488. 
Ans. The height of Snowdon is '678272 ) 

Distance of Portmadoc is 7' 153 164) ^' 
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Tragic Seuarii, followed by a Selection from the Greek Venei of 
Bhrewsbory School, and prefaced by a short Account of the Iambic 
Metre and Style of Greek Tragedy. For the ubc of Schools and PriTate 
Stadents. Second Edition, altered and revised. Svo. St. 

Miiller (C. O.) Dissertations on the Eiunenides of 

JBscfaylos. With Critical Bemarks and an Appendix. Translated from 
the German. Second Edition. Svo. 6s. M. 

Plato, The Protagoras. The Greek Text, with 

EngUdi Notes. By W. WAYTE, M.A. Svo. 6s. M, 

Plautus, (M.A.) Aiilulaiia. Ad fidem Codicnm qui 

in Bibliotheca Husd Britannid exstant aliorumque nommllorum re- 
oensuit, Notisque et Gloasario locuplete instruxit J. HILDYABD, A.H. 
Editio altera. 8vo. 7«.6<l. 

Mensechmei Ad fidem Codicum 

qui in Bibliotheca Musel Britannid exstant aliorumque nonnullorum 
reoensuit, Notisque et Glossario locuplete instruxit J. HILDYAIU), 
A.H. Editio altera. U6d. 

Properfcius. With English Notes, and a PrefSwe on 

the state of Latin Scholanbip. By 7. A. PALEY. With copious 
Indices. 10#. 6d. 

Sophocles, The CEdipus Colonens oi^ with Notes, 

intended prlndpally to explain and defend the Text of the mann- 
scripts as opposed to ooi\jectuial emendatiaas. By the Bev. 0. S 
PALMEB, M.A. ds. 

Tacitns. (C.) Opera, ad Codices antiqidssimos 

exacta et emendata, Gommentario critico et exegetico illustrata. 4 vols. 
Svo. Edidit F. BITTER, ProC Bonnensis. U. 8f . 

Cambridge Examination Papers. Being a Supple- 
ment to the Cambridge University Calendar, 1869. 12mo. fit. 
Containing those set for the Tyrwhitt's Hebrew Scholarships.— Theo- 
logical Examinations.— Cams Prize.— Crosse Scholarships.— Mathe- 
matical Tripos.— The Ordinary B.A. Degree.— Smith's Prize.— Uni- 
verdty Sdiolarships.— Classical Tripos.- Moral Sdences Tripos.- 
Chancellor's Legal Medals.— Chancellor's Medals.- Bell's Scholar- 
ships. — ^Natural Sdences Tripos. — Previous Examination. — ^Theological 
Rramfnation. With Lists of Ordinary Degrees, and of those who have 
passed the Previous and Theological Examinations. 

The ExaminaHon Papers qf 1856, priee S«. 6d., 1867 Mtd 8, is. 6i, each, 

9M^ stiil be had, 

Leapingwell (Br). A Manual of the E^man Civil 

Law, arranged aceonUng to the Syllabus of Dr H ALLIPAX. Designed 
for the use of Stadents in the Universities and Inns of Court Svo. Us, 



Now in course of Pvhlication, 



^xtt\ antr ilattn %t}X%, 

CAREFULLY REPRINTED FROM THE BEST 

EDITIONS. 



This series is intended to supply for the use of Schools 
and Students cheap and accurate editions of the Classics, 
which shall be superior in mechanical execution to the 
small German editions now current in this country, and 
more convenient in form. 

The texts of the '* Bihliotheca Clastica" and "Orammar- 
School Cla88ic8f" so far as they have been published, will be 
adopted. These editions have taken their place amougst 
scholars as valuable contributions to the Classical Literature 
of this country, and are admitted to be good examples of the 
judicious and practical nature of English scholarship; and 
as the editors have formed their texts from a careful examina- 
tion of the best editions extant, it is believed that no texts 
better for general use con be found. 

The volumes are well printed at the Cambridge 
University Press, in a i6mo size, and are issued. at short 
intervals. 
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Now ready f neatly hound in cloth, 

NOVUM TESTAMENTUM Graecum, Textus StephaDici, 
1550. Accediint variae lectiones editionum Bezae, Elze- 
▼iri, Lachmanni, Tischendorfii, Tregelleaii. Curante F. 

H. SCBIVENBB, A.M. 4«. 6(2. 
An Edition on writinff paper, for Nota. 4to. ha^-Umni. 12». 

AESCHYLUS, ex novisaima reoeoBione E. A. Palst, A.M. 
Price 3«. 

CAESAB DE BELLO GALLICO, recensuit G. Long, 
A.M. 19. 

CICERO DE SENECTUTE ET DE AMICITIA 
ET EPISTOLAE SELECTAE, recensuit G. Long, 
A.M. 18. 6d, 

EUKIPIDES, ex recensione F. A. Palbt, A.M. Vol. i. 
3». 6d. Vol. n. 3». 6d. Vol. iii. 3*. 6d, 

HERODOTUS, recensuit J. W. Blakbblbt, S.T.B. 
1 Vols. 7». 

HORATIUS, ez recensione A. J. Maolbani, A.M. 
Price 2t, 6d, 

LUCRETIUS, recognovit H. A. J. MuNBO, A.M. 28. 6d. 

THUCYDIDES, recensuit J. G. Donaldson, S.T.P. 
1 Vols. 7». 

VERGILIUS, ex recensione J. Conington, A.M. $8. 6d, 

XENOPHONTIS EXPEDITIO CYRI, recensuit J. F. 
Maomiohael, A.B. InthePre88. 



OTHERS IN PREPARATION 



{Specimen,) 

306 P. VERGILI MAKONIS 

Bazafugit, litusque yado labente relinquit. 
Bis Tiisd Rutulos egere ad moenia yersos; 
Bis reiecti artnis respectant terga t^entes. sao 

Tertia sed postqnam congressi iu proelia tolas 
Inplicuere inter se ades, legitque yinim vir: 
Tom yero et gemitus morientum, et sanguine in alto 
Armaque oorporaque et permixti caede yirorum 
Semianimes yolyuntur equi; pngna aspera surgit. 635 
Orsilochus Remiili, quando ipsum horrebat adire, 
Hastam intorsit equo, ferrmnque sub aure reliquit. 
Quo sonipes ictu ^rit arduus, altaque iactat 
Volueris inpatiens arrecto pectore crora. 
Volyitur ille excussus hnmi. Gatillus lollan, eio 

Ingentemque animis, ingentem corpore et annis 
Deiicit Herminium, nudo cui yertice fulva 
Caesaries, nudique humeri ; nee yolnera' terrent ; 
Tantus in anna patet. Latos huic hasta per armos 
Acta tremit, duplicatque yirum transfixa dolore. ^is 
Fnnditur ater ubique cruor; dant funera ferro 
Certantes, pulchramque petunt per yolnera mortem. 

At medias inter caedes exsultat Amazon, 
Unum exserta latus pugnae, pharetrata Camilla; 
Et nunc lenta manu spargens hastilia denset^ cso 

Nunc yalidam dextra rapit indefessa bipennem ; 
Aureus ex humero sonat arcus et arma Dianae. 
lUa etiam, si quando in tergum pulsa recessit, 
Spicula conyerso fugientia dirigit arciL 
At circum lectae comites, Larinaque yii*go 635 

Tullaque et aeratam quatiens Tarpeia secnrimy 
Italides, quas ipsa decus sibi dia Camilla 
Delegit, pacisque bonas bellique ministras: 
Quales Threiciae cum flumina Thermodontis 
Pulsant et pictis bellantur Amazones armis, (mk) 

Seu circum Hippolyten, seu cum se Martia curru 
Penthesilea refert, magnoque ululante tumultu 
Feminea exsultant lunatis agmina peltis. 
Quem telo primum, quem postremum, aspera yirgo, 
Deiicis ? aut quot humi morientia corpora fundis ? 665 
Euneum Clytio primum patre ; cuius apertum 
Adyersi longa .transyerberat abiete pectus. 



K€<p. 14. KATA lOANNHir. 261 

v/Aiv, aTT €/iavTOv ov AOACD* o 0€ iTarrjp O €V C/AOt 
ficuiov, airbs vowi rcl {p^a^^ ^". xiOTCvcrc /Aot an x 1 
cyco €v Tw irarpiy xat o irarqp €V c/iot • « oc /A17, 

ui ra cpya avra Tricrrcverc |iOi . Afirfv afirjv Acyco la 
v/Aiv, o wtcTTCvwv CIS €ft€, Tct Ipytt a eyci n-oio), xa- 
Ketvo? Troerfo'ce, xai /Aci^ova tovtwv Trotrycrcf ori 
cy(o wpos Tov irarcpa |«>v*^ TropcvofJML, xai o ti av 13 
alTij(TrjT€ €V T<3 ovofiart fiov, rovro Trotiyo'O)" ivo 

o^acruiQ o irariyp cv to) vtw. cav ti axrqcrqT^ tv 14 
TW ovofiart fiov, fy**** TroLrjO'to, 

** "Eav dyaTrdri /ic, ras cvroXas tois c/xas ny/Mf* 1 5 
craTC. Kal lyw** ipiiyn^Cia tov Trarcpa, xal aXXov 16 
TrapajckriTov 8oxrc£ v/aiv, ti^a fiivxi fuO* i(u»v els rbv 
4fclttva'^, TO irv€VfJLa rrjs aXTy^ctas, o o KocrpLO^ ov 17 
Swarat XaPeiv, otl ov Oeaipel avro, ovSc yivoKrKct 
avrd • v/ACis o« ytvoxTKcrc airro, ort Trap vfiiv 
/xev€t, Kal cv vfuv CaTOi^. ovic d<f>r)(r(ti i)/x,as dp^a- 18 
vovs' €p)(OfiaL TTpos vfjids> en fiucpov koX 6 Koafjuos 19 

/i€ OVK CT6 U€(l)p€l, V/X€iS OC U€(l)p€LT€ fl€* OTl €y(l> 

C« N c «« * / _A ao»»' ««/ / 

(I), Kat vfieis yqtrwvt . cv €K€lvyi ry rjpL^pa yvw-^o 

<rc(r0c vfuis^^ on eyoi cv r<3 irarpL fjiov, koI vfiel^ iv 

ifjLoCy Kayo) cv vfUV 6 €^<ov rds cvroXas fiov xaizi 

rrjpiov avToSj CKCtvds cortv d dyavwv /xc* d 8^ aya- 

TToJv /xc, dyainjO'qa'erac vtto rov Trarpd? /xov* ical 

eyw** dyamjo'ia avrov, koX ififfKLvCcrtti avTi^ c/xairrdv.** 

Aeyct avT<3 *Ioi;8as, ov;( o IcrKapiuyrrfs, ** Kvptc, ^tiz% 

yeyovcv on 17/xtv /xcWcis €fi<f>avC^€iv crcavTov, Kat 

/n;;(l t^ Kocrfiw;* ^AveKpiOrj &" 'It/o"ovs Kat ci'7rcv23 

avTol, " 'Eav Tts dyair^ /xc, tov Xdyov /xor Trfpyfrciy 

Kat d vaTqp fjLov ayairifo^ct avrdv, Kat tt/oos avrov 

i\€v<r6fji€0<iy Kat fiovi^v irap avT<3 TPoiij<roji€v'*. o /x-i; 24 

«« -6 TCL]. >7 TToul ra epya avTO« T. " +[awTt>0] I* 

W +e<rrw'BE. » -/uioi T. «! -^v LT. «« +I>e] I* 

«3 TOVTO L marg. ** KaycJ LT. ^ /t«tf' w/uu3v el? rbi' auSva 

H T, fi /lefl^ v/Awv els tw aiiova T. «« [ovrd] L. ^ -Sk T[L]. 

« eiTTM' L. w ovierfTi LT. *> i;^<rtTt T. '» [v/xer$] 

yMi<r«<rde L. 3« K^^t*^ LT. » +«« T. »* -o LT. 



NOW IN COUESE OF PUBLICATION. 
Uniformly printed in Foolscap Svo. 

Caml)rit)ifie ^tfiool anti 
College Ce^ Booltis. 

A Seriet of Elementary Treatises adapted for the Use of 

Students in ike Universities, Schools, and Candid 

da4es for the Public Examinations. 

In order to secure a general harmony in the treatment, 
these works will be edited by Members of the University of 
Cambridge, and the methods and processes employed in Uni- 
versity teaching will be followed. 

Pnnciples will be carefally explained, clearness and sim- 
plicity wiU be aimed at, and an endeavour will be made to 
avoid the extreme brevity which has so frequently made the 
Cambridge treatises too difficult to be used by those who 
have not the advantage of a private Tutor. Copious exam- 
ples will be added. 

j^ow Ready, 

Elementary Statics. By the Rev. Harvey Good- 

wiK, D.D. Dean op Ely. is. 6d. sewed, 3«. cl. 
Elementary Dynamics. By the Rev. Harvey 
Gk>ODWiN, D.D. Dean of Elt. as, 6d. sewed, $s, cl. 

The following Volumes are already in progress. 
Elementary Astronomy. By Rev. R. Main, M.A., 

Badoliffb Obsebveb. 
Elementary Hydrostatics. By W. H. Besant, 

M.A., Late Fellow of St John^s College. 

Elementary Geometrical Conic Sections. By 

W. H. Besant, M. a.. Late Fellow of St John's College. 

Elementary Trigonometry. By T. P. Hudson, 

M.A., Fellow of Trinity College. 

Elementary Chemistry. By G. D. Liveing, M. A., 

Late Fellow of St John's College. 

Elementary Arithmetic. By A. Wrigley, M.A., 

Assistant Professor of Mathematics at Addiscombe. 

Elementary Algebra. By A. Wrigley, M.A, 
Exercises on Euclid and in Modern Geometry, 

containing Applications of the Principles and Processes 
of Modern Pure Geometry. By J. McDOWELL, B. A, 
Pembroke College. 
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